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Abstract. This paper deals with real shared options, which are divided into
two classes: repeatable options and una tantum options. The former include
those real options that any competitor in the same industry can exercise, the
latter are single, unique options held by several competitors but exercisable
only by one of them. This work especially focuses on the second class and tries
to find the optimal exercise rule through a dynamic programming approach
rather than a financial one, making use of Poisson jump processes. Different
situations are treated, in particular interrelations between proprietary op-
tions and shared options are found, depending on the degree of exclusiveness
of the option. An example of una tantum option is given where the optimal
decision rule comes out to be, under certain hypotheses, the standard Net
Present Value. A case of sequential investment is also studied and, finally,
a connection with repeatable options is suggested in order to comprehend
more general settings.
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REPEATABLE AND UNA TANTUM REAL OPTIONS:
A DYNAMIC PROGRAMMING APPROACH

Introduction

The aim of the paper is to give a conceptualization of real shared options,
which can affect the value V of an investment or directly influence the value
F of the option. We first give a conceptual framework for the subdivision
of shared options into two classes, namely repeatable options and una tan-
tum options. We then concentrate on the second class and in section 1. we
propose an example of vanishing option which is shown to be an extension
of proprietary options and whose value coincides with a particular case al-
ready studied in literature. In section 2. we make the assumption that a una
tantum option can be kept alive by paying a keeping-alive cost and in one
case the optimal decision rule comes out to be the standard NPV. A little
different assumption is taken in section 3. where we suppose that exercise of
the option can be forced by competitive interaction. Section 4. is devoted to
a coincise exposition of a two-stage investment for a proprietary option, then
the same procedure is applied in section 5. for a una tantum option. Finally
we give some insights about interrelations between repeatable options and
una tantum options by presenting two examples of options which are either

repeatable and una tantum.

Conceptual framework

An industrial or strategic investment opportunity can be seen as a real
option if there is some leeway about the timing of the investment. That s, 1t
is possible to postpone action to get more information about the project. So
we can see an option to defer an investment as analogous to a call option on a
common stock. Option theory can be applied in order to get the correct value
of deferring an investment project (Mc Donald and Siegel (1986) and Trige-
orgis (1986)), but there is a remarkable difference between real and financial
options: real options can be proprietary, which gives an exclusive right of
exercise, or shared, for which the right to exercise is collective. Shared op-
tions are the result of competitive interaction; in an industrial framework
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2 C. A. Magni

firms have to do with uncertainty about competitors’ behaviors that influ-
ence, partially or totally, their final payoff. Real options are, a prior:, always
shared, but competitive warfare gives rise to “isolating devices” (Buttignon
(1990)) which tend to defend the option and make it as exclusive as possible.
Among these we can find proprietary rights like patents, proprietary rights
of manufacture etc. or company’s exclusive knowledge of a market or unique
technology that competitors cannot reach. These can completely protect the
exclusiveness of an option to invest. Other isolating devices give just a partial
and temporary protection: superior knowledges, economies of scale, learning
curves, delay in competitors’ reaction etc. On the other hand, competitive
dynamics tends to smooth away or even delete their effects as soon as they
become shared by several companies and as soon as other isolating devices
are put into action by competitors. According to Kester (1984) the timing
of exercise of an option depends on its degree of exclusiveness and on the
degree of competitive rivalry, but it is quite natural that these two variables
are interdependent, in particular the latter can affect the value of the former.

Discounted Cash Flow methods are inadequate to give the correct value of
an option to invest, since they don’t take into account the dynamical aspect of
a decision process, but as for contingent claims analysis, it seems to be itself
unable to capture the competitive interrelations, which play an important
role in a decision process; furthermore, one should take into consideration
the opportunity given to the firm of partially affecting the investment pay-
off. This opportunity arises thanks to competitive skill and advantages held
by the investor. He/She plays upon control variables to determine (at least
partially) the value of the investment. In capital markets variables are com-
pletely stochastic, in a competitive framework they are partially stochastic
and partially determined by competitive rivalry. If we regard the chance of
investing as an option and the (expected) net present value of the business
as the underlying stock, how do competitive interrelations influence these
two variables? We think it is necessary to subdivide shared options into two
classes: the first one includes situations in which the option is repeatable by
other competitors (investment in research, marketing, vertical and horizon-
tal integration, internationalization etc.) that is several companies hold an
option on the same security. In capital markets, options are repeatable but
they are separated and indepedent one of another so that an option’s payoff
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isn’t affected by the other options; in an industry each action has indirect
effects on the other competitors’ payoff. If the same option is exercised by
several investors then the value of the business is reduced depending on com-
petitors’ power and capacity. In this case, the chance to be the only ones to
enter a business can guarantee the exclusivity of the option, but also being
the first to enter it can accrue first-mover advantages which allows the pi-
oneer to raise sustainable sources of competitive advantages. For example,
as regards technological investments (research and development), pioneers
get the opportunity to shape the way a product is defined or marketed in a
way that favors them. They can acquire reputation as the pioneers or assure
themselves favorable access to facilities or inputs, gain unique channel access
for a new product, define the standards for technology or for other activities,
forcing later movers to adopt them (Porter (1985)). We call “repeatable”
this kind of shared options.

The second class of shared options, which we call “una tantum”, describes
those cases in which one single option is written on a business. A plurality of
conflicting competitors hold the option, which can be exercised una tantum
by just one of the holders to the detriment of the others, who are then left
standing. An example of this kind of options could be the opportunity,
given to all the companies in an industry, of buying a firm. A firm for sale
can be seen as an option to future growth and expansion in the market. It is
necessary then to calculate the trade-off between the positive value of waiting,
which brings additional information about the quality of the business, and the
negative value given by the opportunity left to the other holders to exercise
the option earlier. This second type of options isn’t either available in capital
markets.

The conceptual difference between repeatable options and una tantum
options is formally expressed by modifying the value V of the investment in
the former, in order to take into account competitive rivalry; by reducing
directly the value F' of the option itself in the latter.

In both classes the value F' of the option is modified: in the repeatable
options the effect is indirect through a change in V', due to competitive
interaction. In the una tantum options V remains fixed, but F changes
depending on the probability of exercise by another holder. To deal with
repeatable options we can describe the value V as a combined geometric
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Brownian motion and Poisson jump process. This approach has been followed
by Trigeorgis (cit.) and recently proposed again by Dixit and Pindyck (1994).

We will focus on una tantum options and will take a dynamic programming
perspective rather than a financial point of view for the following reasons:

a) it associates in a natural and intuitive way the decision processes with
the goals previously set and the final result;

b) it is more general because it doesn’t require the contingent claims ana-
lyisis’s hypotheses and it isn’t based on quadratic utility functions as
CAPM is;

c) it is useful for interpretative aims because it allows to see the dynamic
programming criterion as an extension of Net Present Value criterion.
As a matter of fact, the resolution of an optimal stopping problem
derives from a comparison between two net present values: the first
concerns the exercise of the option, the other one relates to the value
of waiting (Dixit and Pindyck show that use of dynamic programming
in valuing real options is, in a sense, a generalization of Net Present
Value rule);

d) it gives the opportunity to show that, in some circumstances, the Net
Present Value rule is still useful in valuing real options;

e) it allows us to translate formally in a natural way the conceptual differ-
ence between the two kind of options through a direct effect on F(P)
(una tantum) or on V(P) (repeatable);

f) it allows to overcome the strong assumption that the value V of an
investment can be spanned by existing assets in capital markets (just
think of an R & D venture or a strategic investment).

Thus far we have seen that it is important to evaluate the degree of exclu-
siveness of a shared option in view of the strict connection with the option
value. Suppose that an investment opportunity is available and that there is
no fixed finite time horizon for the decision problem. Exercise of the project
in hand gives the investor the value V', which we suppose depending on the
price P so that the holder will get, if investment is undertaken, the perpetual
revenue stream P over each interval dt. We will assume a continuous setting
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and suppose that P follows a geometric Brownian motion:
dP = aPdt + ocPdz

where dz is a Wiener Process. If future revenues are discounted at the rate p
it is easy to see that the expected present value of the business is V(P) = P/é
where 6§ := p—a. Let I denote the investment cost and let F(P) be the value
of a una tantum american call option written on a certain business.

1. Vanishing una tantum options

Let us suppose that a company holds a una tantum option on a certain
project and that it can indefinetely defer the decision of investment. Compet-
itive interaction is such that our holder must evaluate the arising trade-off:
if the company exercises it gives up the chance to have further information
about P, but if it waits then it runs the risk of missing its option rights be-
cause of competitors’ exercise and consequent vanishing of the option itself.
Examples are purchase of a firm or a land or exclusive agreements with cus-
tomers, distributors or suppliers. We look for the critical value P* for which
is optimal to invest immediately. Let us begin considering the range P < P*
for which waiting is optimal. Let Adt denote the probability that over the
next short interval d¢ another holder will exercise the option: in this case,
it will vanish and our investor won’t be able to exercise it anymore. On the
contrary, with probability 1 — Adt the option will be alive with value F(P).
A is then the mean arrival rate of an “event” in a Poisson jump process. We

have

Adt -0+ (1= \dt)E(F(P + dP))

F(P) = 1+ odt 1+ odt

that 1s
1

F(P)=
(P) 1+ odt

(1= Adt)E(F(P +dP)). (1)
Using Ito’s Lemma we obtain

S PAF'(P) + aPF'(P) ~ o+ NF(P) =0 (2)
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whose general solution is F'(P) = A, PP+ A, PP where 3} e B} are, respec-
tively, the positive and negative root of the equation

5288~ 1)+ af = (o4 ) = 0. &)

Over the range P > P* our firm exercises the option and therefore F(P) =
P/6 — I where § := o — a > 0. For economic reasons we have F(0) =0so
that A, = 0. The boundary conditions involved are known as value-matching
condition and smooth-pasting (or tangency) condition, which express the
continuity of F(P) and F'(P) in P = P*. They become, in this case,

' P*
A(PFYPr = — —
)
' 1
B (PPt = .

From these we get the value of Ay and P*; the latter comes out to be

. B
P = gt (4)

or else

If the option is proprietary then A = 0 and we have, over the range P < P
F(P) = AP# where §; is the positive solution of the equation

L85~ 1)+ af—e=0. (6)

The critical price P* is

B
= 6I. 7
Comparing (6) with (3), we see that in (3) the term A gets added to ¢.
Therefore 8 > B, and 0} /(B —1) < B1/(B1—1). This result is also intuitive

P*
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because a shared option is such to suggest an earlier exercise due to risk of
option’s vanishing. So the price threshold P* is reduced.

It should be noted that the result obtained in this case coincides with a
particular one considered by Trigeorgis (cit.) and, subsequently, by Dixit-
Pindyck (¢it.), where the variable V follows a combined geometric Brownian
motion and Poisson jump process and where the option is repeatable by
anyone. The option in hand is therefore what we have called a repeatable

option. They assume
dV =aVdt+ ocVdz — Vdq

where dg = ¢ with probability Adt and d¢ = 0 with probability 1 — Adt,
0 < ¢ < 1. It means that V will fluctuate as a geometric Brownian motion,
but over each time interval d¢ there is a small probability Adf that it will
drop to (1 — ¢) times its original value and it will then continue fluctuating
until another “event” occurs. The value F(P) of the option must satisfy

odt F(V) = E(dF).

Using the version of Ito’s Lemma for combined Brownian and Poisson pro-
cesses, they obtain the differential equation

%UZVZF”(V) +aVF (V)= (o + NF(V)+ AF[(1— o)V] =0, (8)

The solution to (8) is of the form F(V) = AV# but now f; is the positive
solution of the nonlinear equation

59°B(8 — 1)+ af = (o4 1) 4 X1~ )" =0. 8

The value of §; that satisfies both (9) and the condition F(0) = 0 must be
found numerically.

In the particular case of ¢ = 1 equations (8) and (9) coincide, respectively,
with (2) and (3) and the threshold is just given by (4). Thus two different
shared options, a una tantum one and a repeatable one, can lead to the same
result. In the una tantum option case we assume that the option itself can



8 C. A. Magni

vanish while V follows a geometric Brownian motion; the repeatable case
assumes that the option is infinite-lived but the repeatability left to several
competitors can drop to zero the value V of the project. It is extremely
intuitive to capture the analogy between the two options: saying that an
option vanishes and therefore is impossible to exercise it is like saying that
if we exercise the option, then my payoff is zero since the price V is set to
zero.

Finally, it is also patent that this case of option includes the proprietary
option case; in fact, letting A = 0 equations (3) and (6) coincide. The intro-
duction of the parameter \ allows us to represent in a simple way the degree
of exclusiveness of an option. We actually interpret this parameter both in
terms of mean arrival rate (in a probabilistic sense) and degree of exclusive-
ness (in a conceptual sense). Looking back to equation (1) we can also think
this way: our decision-maker holds a proprietary option which, with prob-
ability Adt, is snatched away from him/her by a competitor, who will hold
it, once stolen, as a proprietary option. This remark gives us the chance to
introduce a typology of options which are halfway between proprietary and

una tantum options.

2. Una tantum options and keeping-alive cost

Let assume that a una tantum option to invest keeps alive with probability
1 — \d# over the next short interval of time dt but competitors can cause the
option to vanish by exercising it with complementary probability. Suppose,
for the latter case, that the firm can resist and keep alive the option by
defraying the cost T; it represents an isolating device able to perpetuate
the option. Several factors affect P* in one way or another: A denotes the
risk of competitors’ actions, therefore leads to earlier exercise as well as the
foregoing revenue stream Pdt; on the contrary, the risk of undertaking an
investment, formally expressed by the term o Pdz, suggests the holder to wait
and get more information about P. The cost T allows to keep alive the option
in order to receive information but involves an expense so that it urges to
earlier exercise [in general, isolating devices lower the value of A. It could be
interesting to study I as a function of A: the more intense the competition
the greater the cost of putting into action isolating devices such as to avoid

option’s vanishing].
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Suppose, in primis, I < (o/A)I. Then, for P < P* we have

1
1+ odt

(1= Adt) E(F(P +dP))
(10)
and, for P > P*, we have F(P) = V(P) — I = P/§ — I. From (10) we get

F(P) = Adt £ (F(P+dP)—1) +

14 odt

odt F(P) = —\dt T + £ (dF)

and hence

1 i}
50" P*F"(P) + aPF'(P) - oF(P) - \I = 0 (1)

The solution to this equation is of the form
8 g _ A7
F(P)-—’:CIP ! -*—CgP =T
@

in which we must have c; = 0 in order to avoid the absurdum F(0) = oo (due
to B2 < 0). Note also that I causes F(P) to fall and take negative values
over the range P < (AI/gc;)!/#1. We cannot accept a negative value for an
option, so F(P) becomes:

F(P)=max |0; ¢; PP —

Over the range 0 < P < (A /gc;)'/# the first term applies; for
(/\T/clg)l/ﬁ1 < P < P* we have the second one; for P > P* we use the

third one (see fig. 1).
The boundary conditions ( value-matching condition and smooth-pasting con-

dition) lead to
B ( A—)
P* = S1I——=11. 12

B —1 0 (12)

Compared with proprietary options the multiplicative factor remains un-
varied but the base I is now changed to (I — %I). As a matter of fact,
proprietary options represent a particular case of these letting A = 0 or
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F(P)

|
™
Ll

FIGURE 1. The case of I < %I

T = 0. It is clear that the greater is the keeping-alive cost the smaller is the
threshold P*; from (12) we get

dP* B 8\

dl M_,B1—~1—Q—

< 0.

When I = 0 we have a proprietary option and therefore it is natural that
waiting is at its highest value; as soon as I increases the price threshold P*
decreases (see fig. 2).

This was over the range I < (¢/A)I. But what if T > (o/A)I? We have
two cases: consider first 61 < (AI/oc1)/#' (see fig. 3a). In this case over
the range 0 < P < §I the two functions P/6 — I and i PP — (A/o) are
both negative. Therefore it is natural to let F(P) = 0. For 6 < P < P*
we choose, in view of the graphs, F(P) = V(P) — I. Let now be P > P™:
if we choose F(P) = ¢; PP — (A/0)I we get to the absurd that it is never
worthwile to exercise the option and, moreover, the greater is P the greater 1s
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FIGURE 2. Relation between I and P*

the value of waiting. But this doesn’t make any sense economically: at some
high enough price, the opportunity cost of foregone profit flow becomes great
enough to suggest exercise of the option. Then we choose again F(P) =
V(P)— I for P > P*.

As for the case in fig. 3b it is obvious that F(P) = 0 when 0 < P <
(M /0cy)/P, whereas over the range (M /oc,)}/Pt < P < 6I the graph of
the exponential function lies above V(P)—1I. This should suggest to wait and
not to exercise, but the same decision rule is adopted if we apply standard
NPV criterion. As regards the interval [6],4+00) we have to look at the
function V(P) — I, according to what we explained earlier.

Finally, the decision criterion to be applied over the range I > (9/\)I is
our dear old NPV again. The significance of such a conclusion is interesting:
if the cost of isolating devices is too high, the option isn’t an option anymore
and what we have to do is investing at once if the Net Present Value is
positive. The term “too high” has a quantitative translation into the factor
(0/XN)I. Therefore o/ is the maximum sustainable cost factor beyond which
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F(P)
51 .
1 p“
YD
_1/ (ﬁ[)
Y,
N T
FIGURE 3a. The case of 61 < (QTI)ﬂl
F(P)

v~

FIGURE 3b. The case of §I > (2-T)7r
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the option doesn’t retain any more value. Below it we use dynamic program-
ming to choose the threshold P*, above it we apply standard NPV due to
excessive keeping-alive cost.

This last result corroborates our decision of taking a dynamic program-
ming perspective rather than an option pricing approach: dynamic program-
ming is in fact an extension of Discounted Cash Flow methods, allows us to
turn back again naturaliter to NPV rule and is therefore conceptually more

significant.

3. Una tantum options and random exercise enforcement

In some circumstances it can be impossible to keep alive an option and the
holder can be forced to exercise the option so as not to miss it to competitors’
advantage. We can think of the launching of a new product: if our firm’s
competitors are far away to launch likewise their new product or model, then
it is possible to wait and get more information. But if competitors are to
introduce it in a short time then the company has to exercise the option right
away in order to stem competitors’ actions. Since the firm has incomplete
information about its competitors, it assigns a value to the probability \dt
that, over the next interval dt, it will have to invest in the project. We have,
in the continuation region P < P*,

1 P 1
F(P) = Adt | — =T 1— M) E(F(P +dP
(P) = 17 ai <6 )+1+gdt( JE(F(P +dP))
and hence

1 A
5"2P2F”(P) + aPF'(P) — (o + \F(P) + sP— A =0

The solution to this equation is given by
AP Al

F(P) = APA — .
(P) TEEEN o o

Since we must have F(P) > 0 VP, the value of the option is

. AP AL
F(P) = max |0, AP% + — ,
(P)=m 561N ot A




14 C. A. Magni

On the other hand we have F(P) = V(P)—1I in the stopping region P > P*.
From the usual boundary conditions

F(P)=V(P*)—-1 and F'(P*) =V'(P¥)
we finally get

pr=-2 Lw, § = (8+N) (13)
o+ B —1

(see also fig. 4).

F(P)

/ P‘
-2

FIGURE 4. Option value with random exercise enforcement

Compared with the case studied in 1. the term 8 is changed to ¢' and the
new multiplier o/(0+ A) comes out. The latter tends to lower P~, the former
tends to raise it. Which one of the two prevails? In the case studied in 1. we
had a probability of option’s vanishing. Here our holder can only be enforced
to a premature exercise and can therefore wait until a higher price is reached.
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We would then expect, for this case, an increase of P*. We can verify the
intuition by studying the ratio between (13) and (4). It is

(0+A—a

)

0
f) = (e+2A) o-«a

since

ffA) >0 VYA>0),

and f(0) = 1, then the threshold the function is increasing and the critical
value P* in (13) is higher than in (4).

4. Proprietary options and sequential investment

Let us now turn for a while to proprietary options in order to examine
sequential investment and, in particular, a two-stage investment where we
suppose that the firm doesn’t earn any cash flow from the project until the
project is completed. We will refer to Dixit and Pindyck (¢it.) for all results
of this section. Our firm can start undertaking the project while observing the
evolution of price dynamics. If price moves down the company can temporary
stop the project and wait for a higher level of P. In the following example,
implementation is split into two stages, so that the first stage is undertaken
if P reaches the critical value P}; then the second stage is completed if P
reaches the threshold Py and the project starts then yielding the profit flow
P over each short interval dt. An n-stage investment, n = 3,4,..., 1s a
simple extension of this case. We work backward by calculating F5(P) and
the relative value Py. The value of the option must satisfy the differential

equation

1 "
—2-0'2P2F2 (P)+ aPFy(P) — oF»(P) =0 (14)
subject to the boundary conditions
F,(0)=0

FQ(Pz*) = V(Pz*) -1z
Fy(Pg) =V'(P})
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where I is the last tranche of the total investment cost [ = I +I,. We then
obtain F(P) = D,P# for P < P}, and F(P)=V(P)—1I; for P> P}. P}

is given by
B

Br—1
We can now back up to the first stage and find F;(P) which will also satisfy
(14) but now subject to

ol .

Py =

Fi(0) =0
F(Pf)=FR(P)-§I
F{(P}) = Fy(P]).

It is possible to demonstrate that P > PJ so that in the second one of the
three conditions above we have Fy(Pf) = Do(P;)?'. The solution takes the
usual form Fy(P) = D, PP, Then we easily have

B

Pf =
B -1

§(I + I).

Since P} > Py we would expect the investment to be implemented at once,
combining the two stages together by sustaining the total expense of I =
I; + I,. But, first of all, investing takes time and it is often impossible to
complete jointly both stages. Also, during implementation of the first stage
price can drop below Pj; consequently, the firm must wait until the threshold
P} is reached again. Our company could even decide to sell the partially
completed project to another. Furthermore, there can be legal regulations
which impose delay of later stages. We stress that the condition P > PJ
can also be viewed as the result of psychological reasons: once completed
the first stage, our firm has invested the quantity I;; if we suppose that the
first-stage investment is irreversable, then the negative cash flow I; cannot be
recovered by selling the project. So the company is more inclined to complete
it even if the project value should drop to a lower unexpected value. In fact,
if the company didn’t go on with the later stage, the effort of entering the
first stage would be unuseful. The psychological reason is just this: if one is
halfway there, then it doesn’t pay to leave work half done.
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We will adopt this very way of reasoning in the next section studying the
case of una tantum options and assume it as a starting condition for the
resolution of the problem. It means then that the holder of the option will
accept a lower value Py < Py for the optimal exercise rule.

5. Una tantum options and sequential investment

Consider a two-stage investment where the second stage is analogous to
the one explained in 3., so that the critical value PJ is also given by (13). We
rewrite it here with the appropriate indexes for convenience of the reader:

" 0 ﬂ{ ' ' i
P = —— ) = (6 + A). 13—b
e W T I, ) (6 ) ( is)

Let us back up to the first stage. Suppose that the firm can be forced, with
probability Ad¢, to enter the second stage during the next interval dt due to
competitive interaction. As explained earlier we assume P} > Py. If P < Pf
the firm won'’t exercise unless it is forced to do it, which has probability Adt.
In this case 1t will invest an amount of I} and will come into possession of
the option to invest in the second stage. Then

R(P)= - +1gdt/\dt E(Fy(P +dP) ~ )+ (1~ Mdt)- +1gdt £(F(P + d}(’))).
15

On the other hand, for P > Py, we have Fy(P) = F3(P)—1I;. As we can see,
Fy(P) incorporates Fy(P) in both cases; it is then necessary to know which
one of the two possible expressions for F,(P) applies, in accordance with our
hypothesis P > Pj. Let us begin considering the range P < Py < P{. In
this region Fj(P) must satisfy the differential equation

S PE] (P) + aPF{(P) ~ (o + VF(P) + NB(P)~ L) =0 (16)

where \ N
' P 2

Fy(P) = A, Ph - .

2(P) 2 + VS
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Let now Py < P < Pf. We have F,(P) = P/é — I, and therefore equation
(15) becomes

1 P 1
— T, — — E(F(P +dP
Fi(P) = /\dt1 o (5 I I1> +(1 /\dt)1 7 (Fi( ) (17)

Finally, for P > P > P} we choose

P

Fl(P) = FQ(P) -Il and FQ(P) = "5'“ —Iz. (18)

To the end of finding out the value of P} only the second and third region
are relevant, so we have no concern with (16) and concentrate on (17) and
(18). From (17) we obtain

AP AL+ 1)

F\(P)=A,P% 4
1(P) =4 56+ A) o+ A

and from (18) we find

Fi(P) = ? — (I, + I).

The continuity of F7(P) and the tangency condition in P = P{ give us the

value of A;:
1

BAVREEHCEDY

Ay

from which we get

] o B
pr— 2 Pl 50 [:=1,+1,. 19

This expression is almost identical to (13)-bis, but now the term I; gets
added to the cost I, raising the value of the price threshold.
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In a particular case we can demonstrate that P > PJ without assuming it as
a hypothesis of individual behavior. Suppose that our two-stage investment
option is such that, if P < P, the firm keeps on holding the option to invest
in the first stage with probability 1 — Adt, whereas there is a small probability
Adt for the firm to be forced to invest in the entire project at once, (that is,
to combine the two stages) with probability Adt, even if P < Py. We also
assume, as natural, ¢ > 0. Thus, over the range P < P} we have

1 P 1
Fi(P) = gt (3 - ) FA A g € (AP + dP)).

We now use a reductio ad absurdum letting P} < P}. Then
AP AT

F,(P) = A, PA —
1(P) 1 +5(6+/\) 2T

for P < P} < PS and
AP Al
5(6+A) o+ A

for P < P < Py. In accordance with the tangency condition we must have

Fl(P):FZ(P)‘h:AzPﬂ{-F I

SSR(PY) = 2 (B(P) ~ 1)
from which we get Ay = A,. This implies, along with Fy(P}) = Fy(P;) — I,
A A
o1 9+/\I2+Il
that is
‘*/\_(I -L)=1
o+ A ’

which is an absurdum.

If we then suppose that the firm can speed up the carrying of the project
only by investing an additional amount of I° — I, where I° represents the
total investment for the entire project, then it is possible to demonstrate the
thesis P > PJ with the hypothesis

- ,\(I°Il— L)

We only need to run through the same steps replacing I by I°.

— A
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6. Repeatable and una tantum options: some insights

Repeatable options are such that competitive interaction affect the value
V(P) so that it is quite unrealistic to assume a geometric Brownian motion.
It should be more satisfying to find a way to describe, at least approximately,
the economic conflict among competitors. Trigeorgis and Dixit-Pindyck (cit.)
suggest to make use of both geometric Brownian motion and Poisson jump
processes. Let us consider a particular case of an option which is at the same
time repeatable and una tantum. The option’s holder runs the risk of having
the option snatched away by competitors (see option vanishing sub 1.). This
event occurs with probability A2dt over the next short interval dt. Also, if
the firm exercises its option, competitive rivalry tends to drop the value of
the project V to (1 — ¢) times its original value with a small probability
\;dt, otherwise it will continue fluctuating as a geometric Brownian motion.
Letting V be directly our variable we have to find the value of the option

1

' TT odi (1= Aodt) E(F(V +dV))|; - (20)

F(V)=max |V -1

subject to

dV = aVdt + oVdz - Vdg

where dg = ¢ with probability A;dt and dg = 0 with probability 1 — Aydt,
0 < ¢ < 1. Applying Ito’s Lemma and rearranging terms we obtain the

differential equation
%O'ZVQF”(V)+O¢VF’(V)——/\1(F(V)—F[(1—¢)V])—(Q+A2)F(V) — 0. (21)

The solution to (21) is again of the form F(V) = AVP and BY is now the
positive solution of the nonlinear equation

LB(B - 1)+ af—(e+ Mt da) + h(l-9)f =0 (22)

The equation that satisfies both (22) and the condition F(0) = 0 must be
found numerically. If we let ¢ = 1 then equation (22) becomes

%azﬂ(ﬂ—1)+aﬂ~(9+)\1+/\2)=0- (23)
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This equation looks like (3) except that the mean arrival rates A; and A, are
involved. Therefore the critical value V* is given by

1

Vi= T (24)
"1

_ Let us now consider the case of an option with keeping-alive cost and
I < (p/A2)I; it is easy to derive, from (10), the differential equation

1 -
oF(V) = §U2V2F"(V) +aVF' (V)= M\ (F(V) - F[(1-¢)V]) — A 1. (25)
The solution is of the form
g _ Mg
F(V)y=AVA — —1
e
where 3{ is now the positive solution to

S?B(8 1)+ af — (o + M)+ Ma(1- )’ =0. (26)

The critical value is, in the case of ¢ = 1,

which is, as we can see, analogous to (12).

Conclusions

In this paper we showed how real shared options can be treated applying
dynamic programming and Poisson jump processes, in particular we proposed
some examples of una tantum options noting that the dynamic programming
approach can in some cases turn back to the standard NPV rule. Finally we
gave some insights for interrelations between the two classes of shared options
making use of two jump processes. We also remarked the strong analogies
among the results obtained for the different cases, each one of which can be
seen in different manners and as a particular or general case of another.
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Future researches could even lead to overcome the concept of shared options.
Either an option is shared or not, competition does its work through threats
and retaliations, barriers and obstacles, conflicts and cooperation. In any case
the firm holding the option is in a dynamic competitive environment where
several policy makers face one another in order to obtain the best results to
the detriment of the others. It is important then to take into account decision-
maker’s possible action and competitors’ reaction. Magni (1995) suggests to
consider the value V(P) as the result of a stochastic optimal control or, even
better, the result of a non-cooperative dynamic game. From this point of
view the stochastic optimal problem (or the dynamic non-cooperative game)
is incorporated into an optimal stopping problem.

REFERENCES

Arnold, L. (1974), Stochastic Differential Equations: Theory and Applications, J. Wiley
& Sons, New York.

Bertsekas, D. P. (1987), Dynamic Programming: Deterministic and Stochastic Models,
Prentice Hall, Englewood Cliffs, NJ.

Buttignon, F. (1990), La strategia aziendale e il valore economico del capitale, Cedam,
Padova. )

Dixit, A. (1992), Investment and Hysteresis, Journal of Economic Perspectives 6, 107-132.

(1990), Optimization in Economic Theory, Oxford University Press, Oxford.

Cox, D. R. and Miller, H. D. (1965), The Theory of Stochastic Processes, Chapman and
Hall, London.

Dixit, A. K. and Pindyck, R. S. (1994), Investment under Uncertainty, Princeton Univer-
sity Press, Princeton.

Donna, G. (1992), La valutazione economica delle strategie d’impresa, Giuffre, Milano,
1992.

Gozzi, A. (a cura di) (1991), La definizione e la valutazione delle strategie aziendali:
criter:, metodi, esperienze, ETAS Libri, Milano.

Intriligator, M. D. (1971), Mathematical Optimization and Economic Theory, Prentice
Hall, Englewood Cliffs.

Kamien, M. L. and, Schwartz N. L. (1991), Dynamic optimization: the calculus of varia-
tions and optimal control in economics and management, North-Holland Publishing

Company, New York.
Karlin, S. and Taylor, H. M. (1975), A First Course in Stochastic Processes, second

edition, Academic Press, New York.

(1981), A Second Course in Stochastic Processes, second edition, Academic Press,
New York.

Kester, W. C. (1984), Today’s options for tomorrow’s growih, Harvard Business Review,

153-160, March/April.




Repeatable and una tantum real options: a dynamic approach 23

Magni, C. A. (1996), Opzioni reali d’investimento e interazione competitiva: program-
mazione dinamica stocastica in optimal stopping, Materiali di discussione, Universita
di Modena, Modena.

Mec Donald, R. and Siegel, D. (1986), The value of waiting to invest, Quarterly Journal of
Economics 101, 707-727.

Pindyck, R. S. (1991), Irreversibility, Uncertainty, and Investment, Journal of Economic
Literature 29, 1110-1148.

Porter, M. (1980), Competitive Strategy, The Free Press, New York.

Sethi, S. P. and Thompson, G. L. (1981), Simple models in stochastic production plan-
ning, in Applied Stochastic Control in Econometrics and Management Science (A.
Bensoussan et al., eds.), North-Holland Publishing Company, pp. 295-304.

Sirjaev, A. N. (1984), Probability, Graduate Texts in Mathematics, Springer, New York.

Takayama, A. (1985), Mathematical Economics, second edition, Cambridge University
Press.

Trigeorgis, L. G. (1986), Valuing Real Investment Opportunities: An Options Approach
to Strategic Capital Budgeting, Doctoral Thesis, Harvard University, Harvard, 1986.

Whittle, P., Optimization Over Time, vol. I, John Wiley & Sons Ltd..






10.
I1.
12.

13.

14.
15.

16.

17.

18.
19.
20.

21.

22.

23.

Maria Cristina Marcuzzo [1985] “Yoan Violet Robinson (1903-1983)”, pp. 134

Sergio Lugaresi [1986] “Le imposte nelle teorie del sovrappiu”, pp. 26

Massimo D’Angelillo ¢ Leonardo Paggi [1986] “PCI e socialdemocrazie europee. Quale
riformismo?”, pp. 158

Gian Paolo Caselli e Gabriele Pastrello [1986] “Un suggerimento hobsoniano su terziario ed
occupazione: il caso degli Stati Uniti 1960/1983”, pp. 52

Paolo Bosi e Paolo Silvestri [1986] “La distribuzione per aree disciplinari dei fondi destinati
ai Dipartimenti, Istituti e Centri dell’Universita di Modena: una proposta di riforma”, pp. 25
Marco Lippi [1986] “Aggregations and Dynamic in One-Equation Econometric Models”,
pp. 64

Paolo Silvestri [1986] “Le tasse scolastiche e universitarie nella Legge Finanziaria 1986, pp.
41

Mario Forni [1986] “Storie familiari e storie di proprieta. Itinerari sociali nell’agricoltura
italiana del dopoguerra”, pp. 165

Sergio Paba [1986 ] “Gruppi strategici e concentrazione nell’industria europea degli
elettrodomestici bianchi”, pp. 56

Nerio Naldi [1986] “L’efficienza marginale del capitale nel breve periodo”, pp. 54
Fernando. Vianello [1986] “Labour Theory of Value”, pp- 31

Piero Ganugi [1986] “Risparmio forzato e politica monetaria negli economusti italiani tra le
due guerre”, pp. 40

Maria Cristina Marcuzzo e Annalisa Rosselli [1986] “The Theory of the Gold Standard and
Ricardo’s Standard Comodity”, pp. 30

Giovanni Solinas [1986] “Mercati del lavoro locali e carriere di lavoro giovanili”, pp. 66

Giovanni Bonifati [1986] “Saggio dell’interesse e domanda effettiva. Osservazioni sul cap. 17
della General Theory”, pp. 42

Marina Murat [1986] “Betwin old and new classical macroeconomics: notes on
Lejonhufvud’s notion of full information equilibrium”, pp. 20

Sebastiano Brusco e Giovanni Solinas [1986] “Mobilita occupazionale e disoccupazione in
Emilia Romagna”, pp. 48

Mario Forni [1986] “Aggregazione ed esogeneita”, pp. 13

Sergio Lugaresi [1987] “Redistribuzione del reddito, consumi e occupazione”, pp. 17
Fiorenzo Sperotto [1987] “L’immagine neopopulista di mercato debole nel primo dibattito
sovietico sulla pianificazione”, pp. 34

M. Cecilia Guerra [1987] “Benefici tributari nel regime misto per i dividendi proposto dalla
commissione Sarcinelli: una nota critica”, pp. 9

Leonardo Paggi [1987] “Contemporary Europe and Modem America: Theories of
Modernity in Comparative Perspective”, pp. 38

3

Fernando Vianello [1987] “A Critique of Professor Goodwin’s ‘Critique of Sraffa’”, pp. 12



24.
25.
26.
27.

28.
29.

30.
3L
32.
33.
34.
35.

36.
37.
38.

39.
40.
41.
42.
43.

44.

Fernando Vianello [1987] “Effective Demand and the Rate of Profits. Some Thoughts on
Marx, Kalecki and Sraffa”, pp. 41

Anna Maria Sala [1987] “Banche e territorio. Approccio ad un tema geografico-economico”,
pp. 40

Enzo Mingione e Giovanni Mottura [1987] ‘Fattori di trasformazione e nuovi profili sociali
nell’agricoltura italiana: qualche elemento di discussione”, pp. 36

Giovanna Procacci [1988] “The State and Social Control in Italy During the First World
War”, pp. 18

Massimo Matteuzzi e Annamaria Simonazzi [1988] “Il debito pubblico”, pp. 62

Maria Cristina Marcuzzo (a cura di) [1988] “Richard F. Kahn. A discipline of Keynes”, pp.
118 ;

Paolo Bosi [1988] “MICROMOD. Un modello dell’economia italiana per la didattica della
politica fiscale”, pp. 34

Paolo Bosi [1988] “Indicatori della politica fiscale. Una rassegna ¢ un confronto con Paiuto di
MICROMOD”, pp. 25

Giovanna Procacci [1988] ‘Protesta popolare e agitazioni operaie in Italia 1915-1918”, pp.
45 |

Margherita Russo [1988] ‘Distretto Industriale e servizi. Uno studio dei trasporti nella
produzione e nella vendita delle piastrelle”, pp. 157

Margherita Russo [1988] “The effect of technical change on skill requirements: an empirical
analysis”, pp. 28

Carlo Grillenzoni [1988] “Identification, estimations of multivariate transfer functions”, pp.
33

Nerio Naldi [1988] ““Keynes’ concept of capital”, pp. 40

Andrea Ginzburg [1988] “locomotiva Italia?”, pp. 30

Giovanni Mottura [1988] “La ‘persistenza’ secolare. Appunti su agricoltura contadina ed
agricoltura familiare nelle societa industriali”, pp. 40

Giovanni Mottura [1988] “L’anticamera dell’esodo. I contadini italiani della ‘restaurazione
contrattuale’ fascista alla riforma fondiaria”, pp. 40

Leonardo Paggi [1988] “Americanismo e riformismo. La socialdemocrazia europea
nell’economia mondiale aperta”, pp. 120

Annamaria Simonazzi [1988] ‘Fenomeni di isteresi nella spiegazione degli alti tassi di
interesse reale”, pp. 44

Antonietta Bassetti [1989] “Analisi dell’andamento e della casualita della borsa valori”, pp.
12

Giovanna Procacci [1989] “State coercion and worker solidarity in Italy (1915-1918): the
moral and political content of social unrest”, pp. 41

Carlo Alberto Magni [1989] ‘Reputazione e credibilita di una minaccia in un gioco
bargaining”, pp. 56



45.
46.

47.

48.

49.

50.

51.

52.
53.
54.

55.
56.

57.

58.

59.
60.

6l.

62.

63.

64.
65.
66.

67.

Giovanni Mottura [1989] “Agricoltura familiare e sistema agroalimentare in Italia”, pp. 84

Mario Forni [1989] “Trend, Cycle and ‘Fortuitous cancellation’: a Note on a Paper by Nelson
and Plosser”, pp. 4

Paolo Bosi , Roberto Golinelli , Anna Stagni [1989] “Le origini del debito pubblico e il costo
della stabilizzazione”, pp. 26

Roberto Golinelli [1989] “Note sulla struttura e sull’impiego dei modelli macroeconometrici”,
pp- 21
Marco Lippi [1989] “A Shorte Note on Cointegration and Aggregation”, pp. 11

Gian Paolo Caselli e Gabriele Pastrello [1989] “The Linkage between Tertiary and Industrial
Sector in the Italian Economy: 1951-1988. From an External Dependence to an International

One”, pp. 40

Gabriele Pastrello [1989] ‘“Francois quesnay: dal Tableau Zig-zag al Tableau Formule: una
ricostruzione”, pp. 48

Paolo Silvestri [1989] “Il bilancio dello stato™, pp. 34
Tim Mason [1990] “Tre seminari di storia sociale contemporanea”, pp. 26

Michele Lalla [1990] “The Aggregate Escape Rate Analysed throught the Queueing Model”,
pp- 23
Paolo Silvestri [1990] “Sull’autonomia finanziaria dell’universita”, pp. 11

Paola Bertolini, Enrico Giovannetti [1990] “Uno studio di ‘filiera’ nell’agroindustria. Il caso
del Parmigiano Reggiano”, pp. 164

Paolo Bosi, Roberto Golinelli, Anna Stagni [1990] “Effetti macroeconomici, settoriali e
distributivi dell’armonizzazione dell’ IVA”, pp. 24

Michele Lalla [1990] “Modelling Employment Spells from Emilia Labour Force Data”, pp.
18

Andrea Ginzburg [1990] “Politica Nazionale e commercio internazionale”, pp. 22

Andrea Giommi [1990] “La probabilita individuale di risposta nel trattamento dei dati
mancanti”, pp. 13

Gian Paolo Caselli e Gabriele Pastrello [1990] “The service sector in planned economies. Past
experiences and future prospectives”, pp. 32

Giovanni Solinas [1990] “Competenze, grandi industrie e distretti industriali,. Il caso
Magneti Marelli”, pp. 23

Andrea Ginzburg [1990]  “Debito pubblico, teoric monetarie e tradizione civica
nell’Inghilterra del Settecento™, pp. 30

Mario Forni [1990] “Incertezza, informazione e mercati assicurativi: una rassegna”, pp. 37
Mario Forni [1990] “Misspecification in Dynamic Models”, pp. 19

Gian Paolo Caselli e Gabriele Pastrello [1990] “Service Sector Growth in CPE’s: An
Unsolved Dilemma™, pp. 28

Paola Bertolini [1990] “La situazione agro-alimentare nei paesi ad economia avanzata”, pp.
20



110.

111.

112.

113.

114.

115.
116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

Massimo Baldini [1995] “INDIMOD. Un modello di microsimulazione per lo studio delle
imposte indirette”, pp. 37

Paolo Bosi [1995] ‘Regionalismo fiscale e autonomia tributaria: 1’emersione di un modello di
consenso”, pp. 38

Massimo Baldini [1995] “Aggregation Factors and Aggregation Bias in Consumer Demand”,
pp. 33

Costanza Torricelli [1995] “The information in the term structure of interest rates. Can
stocastic models help in resolving the puzzle?” pp. 25

Margherita Russo [1995] “Industrial complex, pole de développement, distretto industriale.
Alcune questioni sulle unita di indagine nell’analisi dello sviluppo.” pp. 45

Angelika Moryson [1995] “50 Jahre Deutschland. 1945 - 1995” pp. 21

Paolo Bosi [1995] “Un punto di vista macroeconomico sulle caratteristiche di lungo periodo
del nuovo sistema pensionistico italiano.” pp. 32

Gian Paolo Caselli e Salvatore Curatolo [1995] “Esistono relazioni stimabili fra dimensione ed
efficienza delle istituzioni e crescita produttiva? Un esercizio nello spirito di D.C. North.” pp.
11

Mario Forni e Marco Lippi [1995] “Permanent income, heterogeneity and the error correction
mechanism.” pp. 21

Barbara Pistoresi [1995] “Co-movements and convergence in international output. A Dynamic
Principal Components Analysis” pp. 14

Mario Forni e Lucrezia Reichlin [1995] “Dynamic common factors in large cross-section” pp.
17 :

Giuseppe Marotta [1995] “Il credito commerciale in Italia: una nota su alcuni aspetti strutturali
¢ sulle implicazioni di politica monetaria” pp. 20

Giovanni Bonifati [1995] “Progresso tecnico, concorrenza e decisioni di investimento: una
analisi delle determinanti di lungo periodo degli investimenti” pp. 25

Giovanni Bonifati [1995] “Cambiamento tecnico e crescita endogena: una valutazione critica
delle ipotesi del modello di Romer” pp. 21

Barbara Pistoresi ¢ Marcello D’Amato [1995] “La riservatezza del banchiere centrale ¢ un
bene o un male? ,Effetti dell’informazione incompleta sul benessere in un modello di politica

monetaria.” pp. 32

Barbara Pistoresi [1995] “Radici unitarie e persistenza: ’analisi univariata delle fluttuazioni
economiche.” pp. 33

Barbara Pistoresi ¢ Marcello D’Amato [1995] “Co-movements in European real outputs”™ pp.
20

Antonio Ribba [1996] “Ciclo economico, modello lineare-stocastico, forma dello spettro delle
variabili macroeconomiche” pp. 31



