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Reduction of the Three-Partition Problem

Abstract

The three-partition problem is one of the most famous strongly NP-complete com-
binatorial problems. We introduce properties which, in many cases, can allow either
a quick solution of an instance or a reduction of its size. The average effectiveness of
the properties proposed is tested through computational experiments.
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1 Introduction

In the Three-Partition Problem (3-PARTITION) we are given a positive integer b and a
set N ={1,2,...,n} of n = 3m elements, each having a positive integer size a;, such that
2 j=1a; = mb. The problem is to determine whether a partition of N into m subsets, each
containing exactly three elements from N and such that the sum of the sizes in each subset

is b, exists. The solution is yes if such a partition exists, and no otherwise.

This is one of the most famous NP-complete problems and, to our knowledge, the first
one which was shown to be strongly NP-complete with a non trivial proof (see Garey and
Johnson [2], [4]). Indeed an instance I of 3-PARTITION can be solved in polynomial
time if the magnitude of the largest integer value, u(I), is bounded by a constant, but it
remains NP-complete if (7) is bounded by a nonconstant polynomial in the instance size.
3-PARTITION has been frequently used in the literature to prove strong NP-completeness
results, especially, right from the beginning, in the area of scheduling theory (see, e.g.,
Garey, Johnson and Sethi [3] or Lenstra, Rinnooy Kan and Brucker [7]).



In this paper we study combinatorial properties of 3-PARTITION and show that ef-
fective techniques can be implemented to substantially reduce the size of an instance and,
in many cases, even to solve it. To our knowledge, this is the first analysis of the average
difficulty of the problem. In Section 2 we examine possible transformations of the problem
into other combinatorial optimization problems. In Section 3 we present properties which
can allow one either to establish that an instance has solution no or to permanently as-
sign groups of three elements to subsets. An eflicient implementation of such properties is

described in Section 4, and computationally tested in Section 5.

2 Problem Transformations

An alternative formulation of 3-PARTITION is frequently encountered in the literature:
it is not explicitly required that each subset contain three elements, but the sizes are

restricted to values satisfying
b .
'-<(lj<§ (]‘—‘- ,...,n) (1)

(see Garey and Johnson [5]). It is easily seen that (1) implies that in any feasible solution

there are exactly three elements in each subset.

An instance with unrestricted sizes can be transformed into an equivalent instance

satisfying (1) by defining
gj=a;+b (j=1,...,n) and b=4b (2)

It is immediately seen that there is a one-to-one correspondence between feasible parti-
tions of the two instances. This provides a way of transforming a general instance of
3-PARTITION into an equivalent instance of classical combinatorial optimization prob-

lems, as shown below.

Given n elements, each having a positive size, and an unlimited number of bins of
identical capacity, the Bin Packing Problem (BPP) is the optimization problem consisting
in the assignment of all the elements to the minimum number of bins in such a way that the
total size in each bin does not exceed its capacity. Given any instance of 3-PARTITION,
defined by (a;) and b, we can define an instance of BPP having the sizes @; and the bin
capacity b given by (2): if the optimal solution to BPP requires exactly m bins, then
we know that the answer to the 3-PARTITION instance is yes, and otherwise it is no.



(Observe that this would not be true for a BPP instance defined by unrestricted sizes a;
and bin capacity b, since a solution requiring m bins could pack more or less than three
elements in some bin.) Since effective exact and approximation algorithms and codes are
available for BPP (see, e.g., Martello and Toth [8]), this transformation gives a possible
tool for the solution of 3-PARTITION.

An alternative transformation (“dual” to the previous one) can be obtained through
multiprocessor scheduling. Given n jobs, each having a positive processing time, and
m parallel identical processors which can perform one job at a time, the Multiprocessor
Scheduling Problem (usually denoted by P||Cpayx in the scheduling literature, see, e.g.,
Hoogeveen, Lenstra and van de Velde [6]) requires an assignment of the jobs to the pro-
cessors, which minimizes the largest completion time of a job (makespan). An instance
of 3-PARTITION has answer yes if and only if the optimal solution to the P||Crax in-
stance defined by processing times @; (j = 1,...,n) has makespan equal to b (see (2)). An
effective exact algorithm for P||Cpax was presented by Dell’Amico and Martello [1].

A third possible transformation involves the 0-1 Multiple Knapsack Problem (MKP), for
which algorithms and codes are given in Martello and Toth [8]: given n items, each having
an associated profit and weight, and m knapsacks having capacities ¢; (i=1,...,m),itis
required to select m subsets of items (one per knapsack) such that the total weight in each
knapsack does not exceed the corresponding capacity and the total profit of the selected
items is a maximum. An instance of 3-PARTITION can be transformed into an equivalent
instance of MKP by setting the item weights to @; (j =1,...,n), the item profits to any
positive value and ¢; = b (5 = 1,... ym): the answer is then yes if and only if the optimal

solution to the MKP instance has value equal to the sum of all profits.

As will be seen in Section 5, the transformations above are however quite ineffective,
on average, for the solution of 3-PARTITION. In the next sections we introduce reduction

properties which computationally prove to be extremely useful for the problem.

3 Reduction Properties

In this section we give properties which, in certain situations, either prove that the instance
has solution no or allow the instance to be reduced. We say that an instance can be reduced
if we can decide that three specific elements can be assigned to a subset, ensuring that the

residual problem has the same solution as the original one.



We assume in the following that the elements are sorted so that
alzazz...Zan (3)

We will say that an element k and a pair of distinct elements (i,7) with i, # k are
matchable if a; + a; + ar = b. Similarly, three sizes (not necessarily different from each

other) are matchable if there are three matchable elements having such sizes.

3.1 Simple properties

Property 1 Ifa; +an_y +a, > b ora, + as+ a, < b, then the instance has solution no.

Proof. In the first case no pair is matchable with element 1, since a; +a; > a,_; +a, for
all 7,5. In the second case no pair is matchable with element =, since a; + a; < ay + a, for
all 7,7. O -

Property 2 Ifa;+ an_y +a, = b ora; +as+a, = b, then the instance can be reduced by
assigning to a subset the three elements satisfying the condition.

Proof. In the first case any pair (7,;) matchable with element 1 will have a; = a,,_; and
a@; = an (assuming 7 < 7). In the second case any pair (4, 5) matchable with element n will

have a; = a; and a; = a, (assuming i < j). O

Property 3 Let
r=max{j:a;1+a; >b—a,} (4)

If r > m then the instance has solution no.

Proof. By definition of », any two elements of {1,...,7} are too large to be assigned to

the same subset, so at least » subsets would be needed. O

If » = m, we know that each of the m subsets can be initialized to contain one of
the first m elements. The residual problem, however, remains strongly NP-complete, since
it is equivalent to Numerical Matching with Target Sums (problem [SP17] in Garey and
Johnson [5]).

When Property 3 fails because (4) produces a value r < m, the value of r can be
increased, in an attempt to possibly detect that the instance has solution mo. Let us
initialize a set I to {1,...,7}. Fork=r+41,...,n,let e(k) = min{j : a; + ax < b — an}
(and observe that e(k) < r). No element of {1,...,e(k) — 1} can be assigned to the subset
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containing k. If for each / € {i € I : 7 > e(k)}, there is no j € N \ (1 U {k}) satisfying
ar + a; + a; = b, then we know that k cannot be assigned to any subset containing an

element from I: hence {k} can be added to I. Whenever this occurs, the test of Property
3 can be repeated with » = |I|.

Property 3 and the above improvement are based on “large” elements. Similar proper-

ties hold for “small” elements:

Property 4 Let
s=min{j :a; + aj41 < b—a;} (5)

If n — s+ 1> m then the instance has solution no.

Proof. By definition of s, any two elements of {s,...,n} are too small to be assigned to

the same subset. O

In this case too, when the property fails (because (5) produces a value s such that
n—s+1 < m), we can make a further attempt. We initialize I = {s, .. .,n} and, for
=s—1,5—2,...,1, we determine &(k) = max{j : aj + ax > b— a;}: k is added to I if
there is no pair (1,j) (l € {i € I :4 < &(k)}, j € N\ (U {k})) for which a + a; + a; =b.

At any iteration, if [I| > m then we know that the instance has solution no.

Property 5 Let

t = max{j:a;_2+aj_1 +a;>b} (6)
' = min{j:a; + a1 +aje < b} (7

If max{[t/2],[(n —t' + 1)/2]} > m then the instance has solution no.
Proof. By definitions (6) and (7), no three elements of {1, ... ,t}, nor three elements of

{t’,...,n}, may be assigned to the same subset. O

Once the elements have been sorted according to (3), Properties 1 and 2 may be tested

in constant time, while Properties 3-5 need linear time.

The improvements of Properties 3 and 4 may be implemented so as to require O(n?)
time. Indeed, for each k: (a) e(k) is determined in linear time, and (b) all required tests
may be performed in linear time as follows. We check ay + a; + a; = b by increasing
I > e(k) and, for each [, by decreasing 7, halting the search as soon as a j* is found for
which @) +a;+a;+ > b: due to sorting, the search for [+ 1 (if needed) can then start from
J =77 since ar + aiy1 +aj < bfor j = j* 4+ 1,...,n. Similar considerations hold for (k).
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3.2 Advanced properties

When the properties of the previous section fail to solve the instance, stronger properties

can be used, for which it is convenient to first generate all feasible element pairs.

In order to use a more compact notation, let us introduce an alternative representation
of an instance of 3-PARTITION: let W = {w;,...,w,} be the set containing the different
sizes of the elements of N, and let n; (7 = 1,...,¢) be the number of elements having size

w;j (i.e., X1 n; = n). We assume that

wy > wy > ... > W (8)

Given two sizes wj, wr € W (with j not necessarily different from k), we use a compact
notation for representing the set of all pairs formed by one element of size w; and one of
size wg: a triple m; = (a(i), B(3), v(2)) will represent such a set, where wq(;) and wg; are
the sizes and v(2) is the number of pairs, given by

7oy min{na(,-),ng(i)} if a(i) 74 ,3(1)
V(1) = { |2agi)/2] otherwise (9)
We further denote by o(z) the size corresponding to triple m;, i.e., o(i) = Wa(i) + wp(i). Let
II = {my,...,m,} be the set of all triples.

Given a size wj, let M(7) be the set of the indices of those triples that represent pairs
matchable with w;, i.e.,

M(G) = i+ oi) = b—w;) (10)

Trivially, if a w; exists such that M(j) = 0 then the solution is no. Other situations in

which either the solution is no or the instance can be reduced are detected by the following

properties. We consider four mutually exclusive cases.

Given a set M(j), observe that, from (10), we have, for any < € M(j5): (a) Wa(i) # Wa(k)
and wa(;) # wgy for all k € M(7)\ {z}; (b) wpa) £ Wak) and wpy # wgy) for all
k € M(5)\{i}. In other words, the pairs corresponding to the triples of M(j) are obtained

from 2 37;¢ps(;) ¥(2) distinct elements.

Property 6 Given a size w; such that w; # we) and wj # wg(y for each i € M(j),

i) of nj > Yicarn vi then the solution s no;
i €M (5)



(i) if n; = Yiem(;) Vi then the instance can be reduced by defining n; subsets, each
containing one element of size w; and one pair corresponding to a triple m; with

1€ M(5).
Proof. Both cases immediately follow from the observation that each element of size w,

must be assigned to a subset not containing another element of size w,. O

Property 7 Given a size w; such that, for each i € M(35), wagy = wj or wa) = w; but
Wa(i) 7 wa() (hence [M(5)] = 1), let M(5) = {k}:

(i) if n; is odd then the solution is no;
(i) if n; is even and n;/2 > vy then the solution is no;

(iii) otherwise the instance can be reduced by defining n;/2 subsets, each containing one

element of size w; and one pair corresponding to a triple .

Proof. First observe that any pair of total size b — w; contains exactly one element of
size wj, so any feasible subset either contains exactly two elements of size w; or no such
element. It follows that in any feasible solution the elements of size w; are assigned to n;/2
identical subsets (each containing two elements of size wj and one of size b— 2w;). In cases
(i) and (ii) such an assignment is impossible, while in case (iii) (n; even and n;/2 < 1)

all such assignments are equivalent. O

Property 8 Given a size wj such that w; = w,(;) = wg(;) for at least one i € M(j), let
M = {i € M(j) P Wa() # wi}. Then

(i) ¥ n; mod 3 > 2icar V(i) then the solution is no;

(i1) ¢fn; mod 3 = 2ienr v(2) then the instance can be reduced by defining |n;/3]| subsets,
each containing three elements of size wj, plus nj mod 3 subsets, each containing one

element of size w; and one pair corresponding to a triple n; withi € M.

Proof. First observe that w; = b/3, so no feasible subset can contain exactly two elements
of size w;. In case (i), even by defining the maximum possible number of subsets containing
three elements of size w; each, one or two such elements cannot be feasibly assigned. In
case (ii) any feasible assignment of the elements of size w; is equivalent to that in the
thesis. O

Property 9 Given a size w;, let M = {t € M(3) : Wa(i) = Wj or wa() = w; but wy(,) #
wp(i)}, and observe that |M| < 1. IfIM| =1, let M = {k} and m = 2ieM(i)\(k} ¥(7): then,
if m > 0 we have



(i) ¥ n; — 2min{|n;/2],v(k)} > m then the solution is no;

(ii) ifn;—2min{|n;/2],v(k)} = 7 then the instance can be reduced by defining min{|n;/2],
v(k)} subsets, each containing one element of size w; and one pair corresponding to
triple my, plus m subsets, each containing one element of size w; and one pair corre-
sponding to a triple m; with 1 € M(5)\ {k};

(iii) of n; — 2min{|n;/2],v(k)} < ™ and M = 1 then the instance can be reduced by
defining min{|n;/2|,v(k)} subsets, each containing one element of size w; and one

pair corresponding to triple wy.

Proof. First observe that w; # b/3, hence any feasible subset containing elements of size
w; will contain either one or two such elements. In case (i), even by defining the maximum
possible number of subsets containing two elements of size w;, the remaining elements of
size w; cannot be feasibly assigned. In case (ii) any feasible assignment of the elements
of size w; is equivalent to that in the thesis. The hypothesis in case (iii) implies that
nj = 2min{|n;/2|,v(k)}, hence n; is even and the v(k) pairs are sufficient for producing
n;/2 feasible subsets, each containing two elements of size w;. If, in addition, 71 = 1, this
is the only feasible way of assigning the elements of size w;: indeed, if one such element
were matched with the unique pair corresponding to the unique triple of M(5)\ {k}, then
an odd number of elements of size w; would remain, impossible to be feasibly assigned. O

We conclude this section by summarizing the four properties above, and showing that
they imply an almost complete enumeration of the possible cases arising by relating a size
w; to the existence of the same size in the pairs matchable with w;. To this end, let P;
be the set of size pairs matchable with w;, i.e., P; = {(waqi),wgq)) : ¢ € M(5)}. The
decision-tree in Figure 1 enumerates all possibilities for a given w;: the numbered nodes
refer to the corresponding properties, and their descendant branches represent the possible
decisions. In ten out of thirteen cases the instance is solved or reduced (‘no’ or ‘red.’ in

the figure), while in the three remaining cases no decision can be taken (‘?’ in the figure).

4 Implementation
In this section we show how the properties of the previous sections can be efficiently
implemented so as to obtain a reduction algorithm for 3-PARTITION.

The simple properties in Sections 3.1 can be immediately checked, once the elements

have been sorted, while for the advanced properties in Section 3.2 it is convenient to use



no pair in P; contains w; at least one pair in P; contains w;

at least one pair in P;
contains 0 or 2 w;’s

each pair in P; contains
exactly one w;

D)

at least one pair in P;
does not contain w;’s

at least one pair in P;
contains 2 w;’s

Figure 1: Decision-tree summarizing Properties 6-9.

a data structure that allows a fast check of the conditions as well as an efficient updating

when reductions occur. A possible data structure is described in the following.

4.1 Data structure

We refer to the notation introduced in Section 3.2. Arrays [w, ... w,) and [ny ...n,), sorted
according to (8), can be obtained in O(n) time from the sorted values a;. It is then easy
to generate the p pairs in O(q?) time and to store the corresponding values into arrays o,
B, v and o. While generating, in O(q) time, all pairs including a given size wj, it is easy
to check (through a technique similar to that described at the end of Section 3.1, hence
without increasing the computational complexity), whether the current candidate pair has
a total size o(z) such that no element size w; = b — o(4) exists: if this is the case, such a

useless pair is not stored. We then sort the resulting arrays, in O(¢?log q) time, so that
o(l) <eo(2) <...<a(p) (11)
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Observe that the pairs matchable with a given size w; are stored in consecutive locations
of the arrays. Hence sets M(j)( = 1,...,q) can be handled through an array pu of ¢+ 1
pointers, such that u; is the index of the first triple representing a pair matchable with
wj. More formally, the information on all triples m; such that i € M(j) are stored in
(a(z)...a(y)), (B(z)...B()), (v(z)...v(y)) and (o(z)...0(y)), with 2 = p; and y =
tir1 =1 (por1 =p +1).

With this structure, testing any of Properties 6-9 for a given size w; requires o(|M(3))
time. Since the M(j)’s are disjoint, testing the four properties for all sizes w; (j = 1,..., q)

requires O(g?) time in total.

In order to iteratively apply the properties of the previous section, reducing the current
instance whenever possible, we also need an efficient way of updating the data structure
without paying the O(¢®) time per reduction resulting from a straightforward implemen-
tation. Since each reduction implies the removal of three elements from the instance, we
need to eliminate all pairs containing such elements. To this end we use a sparse matrix
R having g columns: each non-empty entry R(k,j) stores the pointer to the k-th triple
corresponding to a pair containing at least one element of size w; (hence the number of
non-empty entries per column is bounded by g). A reduction can then be performed in
O(q) time by executing the following operations for each element to be removed. Let w;

be the element size:

for each pointer R(k,j) of column j do

if a(R(k,j)) # B(R(k,;)) then v(R(k,7)) := min{na(r(,j)), na(rek.)
else v(R(k,j)) = |n;/2].

Example 1 Let n = 12, (a;) = (45,45, 44, 35,35, 30, 30,28,28,27,27,26), and b = 100.
We have ¢ = 7,

(w;) = (45, 44, 35, 30, 28, 27, 26)
(nj) = (2, 1, 2, 2, 2 2, 1)

The data structure, sorted according to (11), is thus

10



)
(2, 1, 1, 2, 1, 1, 2, 1, 2 1)
= (55, 56, 56, 65, 70, 70, 72, 72, 73, 74)
= (1, 2, 4 5 7, 9, 10, 11)

and the pointer matrix is

[y
o
O 0 LW

Property 6 applies for w; = 26, hence we can reduce the instance by defining a subset

containing sizes 26, 30 and 44. Using matrix R, the structure is modified, obtaining:

(nJ) = ( 2’ O’ 2, 1’ 2, 2, 0)
(v@)) = (2, 0, 1, 1, 1, 0, 2, 0, 2, 0) O

4.2 Reduction algorithm

The data structure of the previous section has been used to implement a reduction proce-

dure RED, which can be summarized as follows.

procedure RED
sort the elements according to (3) and check Properties 1-5;
if the instance has not been solved then 7
begin
construct the data structure for the reduced instance;
repeat
for j:=1to q do
check Properties 6-9 on size w;
until no new reduction occurred

end.

(The statement “check Property z” implies that the current instance is possibly reduced
and the execution is halted if all elements have been reduced or the property ensures that

the solution is no.)
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The algorithm was improved through two heuristic attempts, to be executed when
procedure RED cannot solve the instance. The first heuristic consists of a simple greedy
algorithm which tries to construct a feasible solution for the reduced instance. At each
iteration the algorithm selects an unassigned element according to a given criterion (see
below): if there are pairs matchable with the element, then a new subset is defined, con-
taining the element and the first such pair; otherwise, the algorithm terminates with no
solution. The algorithm is executed three times, in sequence. The first two executions use
the following criteria, respectively, for the selection of an element of size w; (all quantities

refer to the currently unassigned elements):

(a) ! = argmin { Z V(i)/nj}, breaking ties arbitrarily;
ieM(5)

(b) same as (a), but ties are broken by selecting the size that minimizes

S5 e znum))

ieM(l) \heM(a(i)) heM(B(i

The third execution uses criterion (b) and, in addition, performs reduction procedure RED

at each iteration, i.e., whenever a new subset has been defined.

When the greedy attempts fail to find a feasible solution, a decision tree is partially
explored, in an attempt to solve the current reduced instance. At each decision node,
the next size w; with n; > 0 is selected and ¥ ,cps(;) v(7) descendant nodes are generated
by assigning to a subset an element of size w; and a matchable pair. Procedure RED is
executed at each node, for the current instance: if solution yesis obtained, the execution is
obviously halted; if solution nois obtained, the node is fathomed; otherwise, the exploration
proceeds. The tree is explored with depth-first strategy, until a prefixed limit L on the

number of decision nodes is reached.

5 Computational Experiments

We have coded in FORTRAN 77 the algorithm of the previous section, called DM3 in the
following, and executed a series of computational experiments on a Digital VAXstation 3100
(whose speed is roughly equal to two thirds that of a PC 486/33) with a limit L = 20,000

on the number of decision nodes explored in the final enumerative phase.
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Four classes of randomly generated test problems have been considered. It is worth
noting that generating random instances of 3-PARTITION is not trivial, due to the need
to satisfy condition }77_, a; = mb. To our knowledge, no benchmarks or instance generators
have been proposed so far in the literature. Given n, m and b, our test instances are as

follows.

Class 1 is obtained by generating the element sizes in two phases. In the first phase
sizes ai1,@s,...,a, are uniformly randomly generated in the interval [1,b — 2], until either
t=mnor Z;-__.l a; > mb. If t = n, the second phase executes mb — 2 j=1 a; iterations: at
each iteration an a; is randomly selected, and its value is increased by one unit. If instead

j‘=1 a; > mb, a; is set to mb — ;;11 aj, and the second phase executes n — t iterations:
at each iteration an a¢; > 1 is randomly selected, a value ¥ is randomly generated in the
interval [1,a; — 1], a new element of size a; — ¥ is defined, and the size of the jth element

1s decreased to 4.

Class 2 is obtained by first generating m — 2 groups of three elements such that the
total size in each group equals b: the first size, say ay, of a group is randomly generated in
the interval [1,b— 2], the next one in [1,b— a; — 1], and the last one is set to b— a; — Qgy-
Five additional elements are then generated with random sizes in the interval [1,[28]]): if
their total size, say ©, is such that 5+ 2 < © < 2b — 1, the last size is set to 2b — o,

otherwise a new group of five elements is generated from scratch.
The next two classes have been defined so as to obtain instances satisfing condition (1).

Class 3 is defined through a linear probability density function, f(z) = 16 — 32z in the
interval i <z < % The mean value of such distribution is %, so, by generating n values
and multiplying each of them by b, the expected total value is mb, and few values need be
modified in the second phase in order to satisfy > j=1a; = mb. A random value distributed
according to f(z) should be obtained from a uniform value = in the interval (0,1] through
the transformation z = ; — {4/r. Remind however that we consider integer sizes, and
assume, for simplicity, that b is divisible by four: hence in the first phase, for each random
value r € (0,1], we define a size a; = |2 — 1 — \/r(% — 2)|. The resulting values are at
least 49 + 1 and at most g - 2. (a; = g — 1 would not be matchable with any pair.) If

7=1@; > mb (resp. < mb), the second phase performs | 27=1 aj — mb] iterations: at each
iteration an a; > -'f + 1 (resp. < -g — 2) is randomly selected and its value is decreased
(resp. increased) by one unit.

Class { is obtained by first generating m — 2 groups of three elements in a way similar

to that used for Class 2. For each group, the first size, say ag, is randomly generated in

13



the interval [% + 1,2 — 2], the next one in [ + 1,5 — ax — (2 + 1)], and the last one is set

to b — ax — ar41. The six last elements are then generated as in Class 3.

For each class we have considered different values of n divisible by three (n = 24, 51, 99,
249, 501, 999) and two values of b (100 and 1000). For each triple (class,n,b), ten instances

have been generated.

In a first series of experiments we have compared, on small-size instances, DM3 with
the three approaches described in Section 2. The transformed BPP, and MKP instances
have been solved, respectively, with FORTRAN codes MTP and MTM (from the diskette
accompanying the book by Martello and Toth [8]), both with a limit of 200,000 iterations.
The transformed P||Cy.y instances have been solved with the C language implementation
of the algorithm of Dell’Amico and Martello [1], with a limit of 20,000 iterations. The
results in Table 1 refer to instances with n.< 100 and b = 100: the entries give the average
computing time and the number of cases in which the solution was determined, over ten
random instances. The results clearly show that algorithms from the literature have a
very poor performance when applied to 3-PARTITION instances, while our specialized
procedure was able to solve all the instances in less than two seconds, on average. Hence,

the following experiments were performed only on DM3.

Table 1: VAXstation 3100 seconds; b = 100;

average times and number of solved instances over ten.

BPP P||Cruax MKP DM3

Class n time # sol. time # sol. time # sol. time # sol.
24 0.11 10 7.76 10 881.91 1 0.01 10

1 51 246.33 8 133.40 1 770.22 0 0.36 10
99 1067.56 0 241.78 0 1445.50 0 1.14 10

24 0.22 10 1.42 10 360.43 2 0.03 10

2 51 288.92 6 97.92 4 695.66 0 0.44 10
99 967.83 0 239.07 0 527.57 0 1.17 10

24 0.56 10 0.61 10 160.94 3 0.02 10

3 51 323.97 5 43.09 7 315.73 2 0.09 10
99 897.38 0 204.37 4 354.29 0 0.09 10

24 0.54 10 0.38 10 79.85 7 0.03 10

4 51 270.08 5 19.76 10 170.01 4 0.06 10
99 965.02 0 192.53 5 369.69 1 0.11 10
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The results in Table 2 refer to instances with n up to 999, and to cases b = 100 and
b = 1000. The entries give the same information as in Table 1, plus the average number of
iterations in the enumerative phase, and the number of solved instances having solution yes.
The average CPU time and number of iterations include the effort spent on the unresolved
instances, for which the prefixed limit was reached in the enumerative phase. Procedure
DM3 solved quite easily all instances with b = 100. The instances with b = 1000 are clearly
more difficult: the properties in Section 3 tend indeed to be less effective if the number of
different triples is high. The overall behaviour of DMa is satisfactory: we could solve 470

instances out of 480 within reasonable CPU times.

Table 2: procedure DM3; VA Xstation 3100 seconds;

average times and iterations, and number of solved instances over ten, number of yes.

b =100 b = 1000
Class n time iter. +# sol. # yes time iter. # sol. # yes
24 0.01 0 10 0 0.01 0 10 0
51 0.36 8 10 3 0.01 0 10 0
1 99 1.14 11 10 9 0.68 0 10 0
249 3.30 9 10 10 457.46 10333 8 8
501 13.89 380 10 10 442.62 3137 9 9
999 14.54 0 10 10 1847.97 4313 9 9
24 0.03 0 10 2 0.01 0 10 0
51 0.44 8 10 10 0.01 - 0 10 0
2 99 1.17 5 10 10 2.83 2 10 0
249 2.70 0 10 10 414.90 9363 8 8
501 5.94 0 10 10 562.38 3165 9 9
999 19.55 254 10 10 1565.22 3362 9 9
24 0.02 0 10 3 0.01 0 10 0
51 0.09 2 10 9 0.34 2 10 1
3 99 0.09 0 10 10 1.59 3 10 6
249 0.65 0 10 10 8.65 0 10 8
501 0.59 0 10 10 30.19 48 10 8
999 0.84 0 10 10 58.13 31 10 9
24 0.03 0 10 10 0.01 0 10 0
51 0.06 0 10 10 0.46 2 10 3
4 99 0.11 2 10 10 5.48 189 10 10
249 0.24 0 10 10 12.99 46 10 10
501 0.56 0 10 10 187.48 3619 9 9
999 1.28 0 10 10 306.23 2199 9 9
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A final observation concerns the number of instances having solution yes. It clearly
increases with n, as the number of feasible groups of three elements grows steeply. The
number of yes decreases with b, since the range of possible total sizes of a group of three

elements increases, hence there is a lower probability that it is equal to b.
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