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l. Introduction 

The notion of exogeneity rests on the idea that a variable is determined outside the system under 

analysis (cf. Koopmans, 1950). 

Engle, Hendry and Richard (1983) introduced the two concepts ofweak and strong exogeneity. 

The first is a sufficient condition for efficient inference on the parameters of a conditional 

distribution, whereas the second is a condition for valid prediction from a conditional model. 

Moreover, they showed that Granger non-causality is neither necessary nor sufficient for weak 

exogeneity, but is necessary for strong exogeneity1
. 

As far as cointegrated V AR models are concemed, Johansen (1992) has shown that single 

equation analysis is efficient if the remaining equations contain no cointegration. 

The main aim of this note is to show that, given a bivariate cointegrated system, Granger 

non-causality is a sufficient condition for weak exogeneity. An important corollary of this result 

is that Granger non-causality is both necessary and sufficient for strong exogeneity. 

Section 2 presents some known results on Granger-causality and exogeneity in bivariate V AR 

cointegrated models; Section 3 demonstrates that Granger non-causality is sufficient for weak 

exogeneity; Section 4 concludes. 

l. For a more recent assessment see Hendry (1995a). 



2. Granger-causality and exogeneity in bivariate cointegrated systems 

Let us consider the (2xl) vector X1 = (xlt, x21)'. W e assume that the two time series variables are 

stationary in differences and have spectral density which does not vanish at frequency O, so that 

they are I(l ). X1 is generated by the following vector autoregressive process : 

(l) 

A(L) =I- AIL- .... - APLP, 

where L is the lag operator and E1 is such that E(t:1) =O and E(t:1E'1) = QE. 

Assumption l. The components of X1 are cointegrated. Hence, the following conditions are 

satisfied: 

(i) A(l) =I- A 1 - •••. - AP, has reduced rank k =l. Moreover, A(l) = -aW, where a and ~are 

(2xl) vectors. (ii) <D= a' 1_ \f'~ 1_ , where \f' is the derivative of A(z), the characteristic polynomial 

of mode l (l), for z = l, a 1_ and ~ 1_ are, respectively, the orthogonal complements of a and ~' i.e. 

a'a1_ =O, ~'~_t= O. 

Assumption 2. In the process (l) x21 does not Granger-cause xlt. In a bivariate V AR this 

condition is satisfied if the second column of the matrix A(L) is such that An(L) = O, i.e. if 

A(L) is lower triangular (see Lutkepohl and Reimers, 1992). 

Let us now reparameterize system (l) as an error-correction model: 

(2) 

w h ere 

l(L) I- 1 1L -.... -1P_1Lp-l 

f'i =- (I - A 1 - ... - Ai), i = l, ...... , p-l 
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Johansen (1991) has shown that the reduced-form Wold representation of (2) is given by: 

(3) 

where C(1) = P1 (<Df1a'1 . 

Moreover, Johansen (1992) has demonstrated that, given a Gaussian V AR model, if a'1 = (1, O) 

then xlt is weakly exogenous fora set ofparameters ofinterest A= (a, p). Furthermore, ifweak 

exogeneity holds and, in addition, x21 does not Granger cause x 11, then x !t is strongly exogenous. 

It is worth observing that the theorem proved by Johansen establishes the efficiency of single 

equation analyses - in this case, a conditional model for L1x21 given the lags of L1X1, the error 

correction term and simultaneous value of L1x1t· 

Note that a' 1 = (l, O) implies that the error-correction term does not enter the equation of L1xlt. 

Hence, by interpreting a as a vector of adjustment coefficients, i t follows that x !t does not adjust 

to the steady-state equilibrium. 

3. The result 

W e now establish the following result: 

Proposition l. Given the vector X1 = (xJt, x2J' let assumptions l and 2 be satisfied. Then, x11 is 

weakly exogenous for the parameters of interest A = (a, p). 

Proof. Assumption 2 implies that the second column of matrix C(L) is such that C12(L) = O. 

Hence, the second column of C(l) is such that Cn(l) =O. Given C12(1) =O, from assumption l 

it follows that also C2z(l) =O. But this implies a'1 (1, 0). Q.E.D. 

Corollary l. If assumptions l and 2 hold, then x !t is strongly exogenous. 

We have shown that ifassumptions l and 2 hold then x11 is weakly exogenous forA. Since x11 is 
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de fin ed to be strongly exogenous if a' 1_ = (l, O) and CdL) = O, i.e. weak exogeneity plus 

Granger non-causality, it follows that Granger non-causality is both necessary and sufficient for 

strong exogeneity in cointegrated systems. 

Remark l. It is often argued that the notion of Granger-causality is only a descriptive device for 

time series data, since we are simply trying to establish whether the first variable is preceded 

by the second (cf. Leamer, 1985). Nevertheless, an interesting implicati an of propositi an l is 

that Granger non-causality in cointegrated systems can be interpreted as a condition both for 

valid inference in conditional models and for valid conditional prediction. Thus, in this case, 

Granger non-precedence tests can be used in order to establish causai relationships among the 

variables. 

4. Conclusions 

Hendry (1995b) points out that it is important to distinguish between 'not caused' and 

'exogenous'. Undoubtedly, they are rather different concepts. Nevertheless, in this paper we 

have shown that, as far as cointegrated V AR models are concemed, Granger non-causality 

is a sufficient condition for weak exogeneity and, as a consequence, can validate inference 

procedures. Moreover, it implies strong exogeneity. Thus, in this framework, Granger 

non-causality is not only a descriptive device for time series data but a useful test for exogeneity. 

Acknowledgements. I wish to thank Marco Lippi for helpful suggestions. 
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