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Introduction 
\Ve consider a n10del -vvhere a population of customers is spread out 

ancl uniformly clistributecl over a squared geographical area with clensity 1: 
two firms~ locatecl in the same space, sell a homogeneous procluct, whose 
unit cost is the same for each firm. Each firm has the aim of maximizing 
i ts own profi t. 

Following the classical "Main Street" model by Hotelling ([5]) and the 
paper by J.J.Gabszewicz and J.F.Thysse ([4]), we consider that, since the 
procluct is homogeneous, a customer will buy from the seller who quotes the 
lower full price (namely the mill price plus a "transportation cost ", which 
h ere will be merely quadra tic ) . 

Therefore the clemand of a firm will depencl on its location and price 
policy , as well as on the location ancl the price policy of the other firm. 
l\Ioreover vve suppose that each customer consumes exactly one unit of the 
commodity. 

For such a model, we consider the problem of existence of a noncoop­
erative price-location N ash equilibritun in pure strategies. 

As it is well-known even in the one-din1ensional model ([4]), no simul­
taneous price-location equilibriun1 can exist in pure strategies, if we don't 
allow the firms can locate outside the interval. Therefore we formulate the 
problen1 in tenns of a tvvo stage game; nan1ely, price ancllocatìon strategies 
are assumed to be played one at a time in a two-stage process. Locations 
are fixed in the first stage of the game , while prices are clecìdecl in the 
seconcl stage. 
In orcler to solve this problem in the one dimensionai case . D'Aspremoncl, 
Gabsevich ancl Thysse introducecl in [3] the maximal clifferentiation prìn­
ciple ( m.cl. p.). -vvhich is uncloubteclly a very useful tool an d has a great 
reputation: it provicles incleed a very sìrnple ancl effective clescription of 
this cornplicatecl problen1. 

Unfortunately, if we make even sin1ple and quite natural alterations in 
the n1oclel ( such as changing the number of the players or the shape of the 
town ) the above n1entionecl principle ìs no longer valicl. even ìf the sellers 
still neecl space out. in orcler t o reduce the con1petition effects. 

Therefore we are interestecl in a ne\v fornllllation of the rn.cl.p .. \vith 
t h e ain1 of clescribing in a sirnple \vay the si cles bot h of cornpetition an d of 
optirnality which are implicit in the n10clel. 

In this paper we state two simple laws which allmv us to solve the clas-
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sical Hotelling problem in a square town, with easy algebraic calculations: 
-vve think these lavvs remain valid even if we suitably change the shape of 
the town. 

Nioreover, in the case of the square town we compute explicitly by 
routine calculations the profit functions and show that the price-location 
Nash equilibria obtained using usual analysis tools are the same we deduce 
clirectly ancl much more simply from the above mentioned laws. 

l. N otations and description of the game. 

Let Q= {(x,y) E R2 s.t. -1/2 <x< 1/2; -1/2 < y < 1/2} be 
the unite square where consun1ers and sellers are located; the consumers 
are uniforn1ly distributed. Firm l is located in a point a = ( a 1 , a 2 ) and 
firm 2 in b = ( b1 , b2): without loss of generality we can suppose a 1 < b1 , 

that is we agree upon naming "player l" the one on the left side.We always 
consider the unit cost c is the same for each firm, so we can consider for 
semplicity c = O; moreover we suppose the two sellers are locatecl in clifferent 
positions: otherwise, as in Bertrand [ l ] , the unique price equilibrium is 
p 1 = P2 = O , so the profits of both firms are zero. This is not an admissible 
solution for the game, because in suitable different locations we know the 
sellers have positive profits. 

Let p 1 and P2 (belonging to [O, +oo[ ) denote the mill price of l and 2 
respectively ancl assume that the transportation costs are quadratic func­
tions of the clistance; therefore the full price payecl by a consumer X = (x,y) 
who buys from firm l ( resp. from firm 2 ) is 

p(l) = Pl + t[(~r- ai)2 + (y- a2) 2] 

(resp. p( 2
) = P2 + t[(~·- b1 )2 + (y- b2 )2] 

-vvhere t is a positive constant. 
A consumer who is indifferent betv:een the bvo firms is located in a 

position p; .. Q). such that 
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Let us notice that, if a 1 = b1 (or a2 = b2), the demand function is 
analogous to the one-dimensional case; so in what follows we can suppose 
without loss of generality that Q = b1 - a1 -/= O and f3 = b2 - a 2 -/= O. The 
clemancl function of player l clepencls obviously on (p1,p2, a 1 , a 2, b1, b2), but 
here we wish to emphasize its clepenclence on P1 E [O, +oo[ ancl consider 

the ren1aining variables like parameters; denoting Pc = "f, we obtain the 
t 

following ( 1.2) 

w h ere 

l 

l - So:\!3/ (P!~ P2 +"i +o:+ l/31)" 

l l . (P1 - P2 ) 2 - 2Q 1!31 mzn{ a, l/31} t - r 

l (Pl- P? ) 2 t - - r - a - 1!31 
8a l/31 

o 

p~l) =p2 +pc+ t(-a- jpj)} 
(2) 

p 1 = P2 + pc + t min{ -a + j;0j, +a - j3j} 
(3) { p 1 · =]J2 +pc+ tmax -Q+ j,Oj ,+a- j3j} 
(4) 

P 1 = P2 + P c + t (a + j ,3 l)· 
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It can be easily verified that D 1 is a decreasing differentiable function 
\\·i t h respect t o p 1 . which is concave w.r. t o Pr in [p p). p~3 )] an d com·ex in 

(p(3) ( 4)] 
1 ~Pr · 

{1) 
p 1 

(2) 
p 1 

Fig. l 

{~) 

P1 

The demand function for player 2 is immediately computed, noticing 
that D 1 + D2 = l, as \\·e supposed that each consurner buys one unit of 
the good. 

2. The laws of equilibria. 
As \Ve recall in the introduction, we consider the game is played sequen­

tially in a tv:o-stage process: locations are fixed in the first stage, prices in 
the second one. 

Note that here we assume the sequential game is correctly played: that 
is, v,rhen each player chooses his location, the decision on price is conse­
quently already done, as each firm is supposed to play its optimal price, 
depending on the location choice made in the first stage. 

ì\ow we are able to state the laws of equilibria, which are stated in 
terms of price and demand variables; these are not directly controlled by 
the sellers, but are anyway significant from an economie point of view and 
express indeed a reaction of the market to the price policy of the sellers. 
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First Law : 
Suppose the firms fix their respective locations in a and b 
(a, bE Q: a -=J- b). If the price vector ( p 1 ,p2 ) is a Nash equilibrium, 
then 

This lavv may be interpreted in different ways. 
If we rewrite ( 2.1) as 

i t becoms clear that, if (p1 ,p2 ) is an equilibrium, the amount of profit lost 
by seller l, owing t o his price p 1 , must be equal t o the an1ount of profit lost 
by seller 2. 

Nioreover, if we write the first law in a fractional way, we obtain 

Then p 1 > p 2 implies D 1 > D 2 , i.e. in an equilibrium the seller w ho 
quotes the higher price has the gratest demand too: this is an apparently 
paradoxical consequence, but this actually happens when firm l is located 
better than firm 2. 

vVhen the profit functions are SlllOoth enough (for instance, clifferen­
tiable) , the first law can be directly cleduced from optimality necessary 
conclitions 

éJD1 
D1 +P1~ =0 

U}Jl 

éJD·ì 
D2 + P2 __ - =O 

éJp2 

(2.2) 

by rneans of simple calculations, observing that the clernancl function ( 1.2) 

clepencls only on the price clifference p 1 - p2 ancl moreover D 2 = l - D 1 

1.dwnce we have 
8D1 8D2 
8p1 éJp2 . 

Such a srnoothness can be obtainecl consiclering sn1ooth and unifornlly con­
·vex transportation cost functions ( in our n1odel. they are quadratic ) . 

-
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Finally, this law is stable w.r.to the shape of the town: we believe it 
remains valid in the case the town is convex, or even not convex, but with 
a suitable regular bounclary. 

vVhen the sellers are more than two, we think that a corresponding 
formulation of the first law is stili valid. After all, the first law seems us to 
be essentially stable either w.r.to the shape of the tovvn ancl to the number 
of the players. 

The seconcl law of equilibria is. in some sense, complementary to the 
first one ancl is statecl as follovvs: 
Second Law 
If the two firms are in an equilibrium w .r. t o bot h prices an d lo­
cations, then they get the same profit, i.e. 

This statement can not be directly deduced by necessary optimality 
conditions, but seems us quite reasonable; in fact, if p 1D 1 > p 2 D2 at any 
equilibrium (a, b,p1 ,p2 ), then the symmetry of the P!oblem ~llows the play­
ers t o choose also a clifferent equilibrium w h ere j51 D1 < j52 D2 . That is , if 
p 1D 1 > P2D2 , player 2 is not selecting his n10st preferrecl equilibrium. 

Now, we show how to sin1ply deduce fron1 these laws the equilibria 
of the gan1e. Denote by (a*~ b*, pr. p'!z) a price-location equilibrium, which 
necessarily satisfies (2.1), (2.2) and (2.3). 

A direct consequence of the preYious lmvs are the equalities 

D~= n; 
';vhich are valicl in every equilibriun1 position. 

Fron1 the first of ( 2.4), w e infer 

l 

2 

(2.4) 

that is. the square is divicled in two equal regions . This happens if the 
origin belongs to the inclifference line, vvhose equation is ( see ( 1.1) 
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* * * 
( * b*) ( * b*) P1 - P2 -Pc (2 5) 
al - l x + a2 - 2 y = 2 t . . 

Since from (2.4) we have pr = P2 , the origin belongs to (2.5) iff 

therefore 
Ila* Il = llb* Il (2.6) 

that is a pair of locations which are an equilibrium must have the same 
distance frorn the centre of the town. 

Let us compute ~D1 in the point (a*, b*, pr, P2) (just to shorten the 
up1 

b*- a; 
treatment, w e consider h ere the case b; ; < l ) an d recall t ha t from 

1 - al 

(2.4) we have P2 = pr . It results: 

8D1 * * l 
hence apl (pl ,pl) = 2t(ar- br). 

From the first of (2.2) we deduce 

and consequently the profit corresponding to the equilibrium (a*, b*, pr, P2) 
lS 

each firm gets the highest profit when (bi - ai) is maximum, that is when 

* l l b* - ~ al = - 2 an c l - 2 ( •) '""') -. { . 

. . b; - o.; * l l 
( In the renlaillliU2: case - - > l we bo·et Ch = -- an d b':; = - ) . Finalh·. 

'--' bi - Cl i - 2 - 2 
the equilibriun1 locations may occur only if the sellers are situated on the 
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apposite sides of the square, in positions that are syn1metric w.r.to one axe 
or ,v.r.to the origin and the equilibriun1 prices are PÌ = P2 =t. 

Referring to Figure 2, the location pairs which are allowed to be equi­
libria by (2.6) and (2.7) are for instance the couples (a',b') or (a',b"), and 
(ao, b~) or (ao, b~). 

i 
1\ 
l \ 

l 
\ 

\ 
l \ 
l \ 
l ' l \ b' \ -l - -

' ---l \ ------l -- \ -_,- \ 
a' ~-----=--,------ -'-------- b" 

' l \ 
l \ 

l ' l \ 

' l 

' l ' ' 
b'o b'o 

' 

Fig.2 

Noti ce that neither the pair (a', b') n or (a', b") can be an equilibrium 
location, since a' isn't the best replay position for player l when 2 is located 
in b' (or in b"). 

To see this,observe that ( I11 can be easily computed in this case : for 
the whole expression of rrl ' see (3.2) ) 

n l ( (- ~' o)' ( ~' b')) = 2~ [l + ;t (l w w - ~) r > 

;t [1 + ;t(llb'll2
- lla'll2l]" = IT1 (r-~,a'),(~,b')) 

hence player l increases his profit , moving to the intersection of the side 
x = - ~ of the square with the x-axis. 
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Therefore, the only equilibrium pairs are located in the intersections of 
the axes with the apposite sides of the square, i.e. 

or 

(a*,b*) 

3. Direct computation of the equilibria 
In this section, our aim is to give exactly the expression of the profit 

function and obtain by clirect calculations the price- location equilibrium 
\Ve inferred by the laws in paragraph 2; we state here only the results of 
the required calculations, as the intermecliate steps are tedious and not 
interesting. 

Recalling (1.1) in paragraph l, we obtain that the profit function for 
player i is 

ancl we look for a price-location N ash equilibriun1 in pure strategies. Ili is 
a clifferentiable an d quasi-concave function w .r. t o P i ( i t is incleecl·concave 

in [O,p~3 )] ancl decreasing if p 1 > p~3 ), therefore it is strictly quasi concave); 
n1oreover IIi has a unique maximu1n in P i. 

As we specifiecl in the introcluction, the game is played sequentially: in 
orcler to solve it explicitly, we proceecl as follows. vVe consider the choice 
about locations as prior to the clecision on prices: that is the firms choose 
their locations simultaneously (first stage) and, given the locations, they 
choose prices simulataneously (seconcl stage). For each choice of fixecl po­
sitions a ancl b in Q we can consicler the subgame depencling only on prices 
(II1.II:2) (\vhere Ili = Ili (a,b,pl,P2) = Pi Di(a.b,pl,P2) ) ancl solve it 
firstly. \Vell-known theoren1s (see [ 2 ]) guarantee the existence ancl the 
uniq~eness of a pair of equilibriurr1 prices (p}' (a, b). p~ (a .. b)) for each pair a 
an d b in Q. Consicler now an arbitrar~· pair a . b of points in Q an d the 
corresponcling payoffs obtainecl after ha.,-ing soh·ecl the seconcl stage game 

Ili (a.b.p~(a,b).p~(a.b)) = Pi(a.b) Di(a,b.p~(a,b),p~(a,b)). (3.1) 
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They are \vell defined (because of the second stage equilibrium prices are 
unique) an d depend only o n the positions a an d b. 

So, \Ve can study location competition using the reduced-form profit 
functions ( 3.1) an d cmnpute a ::\ ash equilibrium pair of locations (a*. b*) 
for the game (ili, I12). In su eh a way, \Ve obtain the optimal quaterna 
(a*, b*, PÌ (a*, b* )p2( a*, b*) ), which is the subgame perfect price-location equi­
librium (see [4] ). 

~fore precisely, direct computation by usual analysis tools allow us to 
calculate the profit functions (3.1): to illustrate the result, let us consider 
for instance which is the expression of I12 (a, b,pi(a, b),p2(a, b)) '""·hen the 
locations are such that a= (a 1 ,a2) E Q1 = [-!,OJ x [-!,OJ and b = 
( b1, b2) E Q2 = [O, ~] x [O, ~], a =/= b ( the other cases can be handled 
similarly). 

Consider the disks cl \Vith center (- ~' ~) and radius .j( al + ~ )2 + ( a2 - ~ F 

an d C2 \vi t h center ( ~,- ~) and radius V( a1 - ~ )2 + ( a2 + ~ )2; their inter­

sections with the square Q2 split Q2 into four parts , named Di, as shmvn 
in the following Figure 3. 

• a 
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In each region, IIi (a, b,pr(a, b),pHa, b)), which we shortly indicate by 
IIi , has clifferent expressions, namely (3.2) 

II* l 

II~ 

t l l 2 
2 0(0: + 31 ) 

t l l ') 
2/3 (;3 + 31 )~ 

83;af/ yi( -ì' +a+ ;3)2 + 32a;3- ì' +a+ ;3)3 + 

+~[v(-!+ a+ ;3) 2 + 32o;3- 3( -"(+a+ ;3)] 

t 
832aj3 ( v(r +a+ ;3)2 + 32a,6 + r +a+ ;3)3 

t l l ') 
2a(a- 31)~ 

t l . l ') 
2 ;3(/3- 3')~ 

83 ;a;3 ( yi( -')'+a+ ;3)2 + 32a;3- ì' +a+ ;3) 3 

t 
832a;3( V(r +a+ ;3) 2 + 32a,6 + r +a+ /3) 3+ 

+ ~ [V( 1 +a+ ;3)2 + 32ai3- 3(r +a+ ;3)] 

vvhere a~ 13, "'r have been definecl in section l. 

if bE D1 

if bE 0 3 

if bE D1 

if bE D3 

One can shmv that, ifa E Q1 ancl bE Q2, (Vaiir(a, b), vbii2(a, b))#­
(O, O) : in particular, if b = ( b1 , b2 ) belongs to the regio n D1 (resp. D2 ) firm l 
increases its profit moving to the location (b1 ,0) (resp. (0, b2)). Moreover. it 
c an be easily verifiecl that, if the pair of locations (ii, b) = ( ( ii1 , ii2 ), (b 1 .lj2 )) 

is a Nash equilibriun1, then the symmetric pair (a 0 ,b0 ) = (-b,-a) is an 
equilibriurn too. 

Csing the pre,·ious argurnents , we can finall:v prove that the only tvvo 
~ash equilibriurn pairs of locations are ( ( -~. 0). (~-O) )and ((O,-~), (0. ~) ). 

It is possible consicler nmn!· other generalizations of the classical Hotelling 
rnoclel. n1ore faithful to reality than the originai one: among then1. vv-e have 
chosen here the ones which consicler a flat town. 
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If the shape of the city is a plane geographical area, many not yet 
solved questions arise: for instance, there isn't any theorem which guaran­
tees the existence of equilibria in locations or their uniqueness ( except for 
the simplest situations); rnoreover no con·ect substitute of n1.d.p.has been 
stated . 

It may occur that the equilibrium positions are locatecl on the boundary 
of the town (see the square town with two sellers, as we provecl) but it may 
happen the equilibrium locations be in the interior (for example in the 
linear tovvn with three players). In generai, even for simple shapes ( squares 
or circles), the lowest number of players such that a t least o ne of the players 
has an internai equilibrium location is not known. 

We intencl to pursue further ancl answer some of these questions. 
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