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ABSTRACT 

The aim of this paper is to price an option in a one-period model when the price of the 

underlying asset is vagùe. The vagueness is modelled by the use of triangular :fuzzy numbers 

and the pricing methodology is based on the no arbitrage principle. This work extends the 

binomial option-pricing model to include different levels of information. 
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l. INTRODUCTION 

The aim of this paper is to pro vide an alternative framework to option pricing based on fuizy 

set theory, which offers a more intuitive and simple way of modelling uncertainty. The 

pricing methodology is stili the no arbitrage principle. Y et, the price of the underlying is 

fuzzy. 

The pian of the paper is the following. In section 2 we use fuzzy set theory to model the 

uncertainty in the price of a vàgue asset. In section 3 we set out the foundations and the 

assumptions of the model. In section 4 we present the characteristics of an option on a fuzzy 

asset and in the following section we describe the pricing methodology used. In section 6 we 

analyse the main factors affecting the cali option price. In section 7 we discuss the 

relationship between our model and the standard Binomia! Option Pricing Model. The last 

section provides conclusions and some lines of future research work. 

2. MODELING THE PRICE OF A FUZZY ASSET 

In this section we describe the vagueness of the future price of an asset with uncertain 

payoffs, with reference to a one peri od model, whereby time t e {0,1} . Let X be the realline, 

representing a set of monetary values and let F be the set of all fuzzy subsets of X Let N eF 

be the set of all the convex and normal subsets, i. e. of all fuzzy numbers. Let R be the fuzzy 

asset and !J.R its price at time l. As R is fuzzy, ~ is unknown. We assume that the 

representative investor can only guess that the price will be included in a given interval. 

Specifically, he may think that !J.R will neither exceed an upper bound, cali it a3, nor a-lower 

bound, call i t a 1, aild inside this interval, suppose that the best guess is a given value called 

a2. In order to represent this idea, we assume for simplicity IJ.R as a triangular fuzzy number 

identified by its characteristic function J.l R(x): 
l} 
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where x e x , O ;5;; a ;5;; a ;5;; a . 
l 2 3 

o, 
x- a1 
az- al t 

x- a3 
az- a3 t 

o, 

More simply we can write: p
1 

R = (al, az, a
3

), where a1 is the minimum possible value, a3 

the maximum, and a2 the most possible. In fact, the fuzzy set I{ induces a possibility 

distribution on the valuè of x , · that is equal to its characteristic furiction. See for example 

Fig. l. 

Altematively, we can wrlte a trianguiar fuzzy number in terms of its a-cuts (or confidence 

intervals) (see Fig. l) by the following formula: 

R P1 (a)=[a1(a),a3(a)]=[a1 +a(a2 -a1),a3 -a(a3 -a2)] 

where ais the level ofconfidence, a e[O,l]. 

This representation will be useful to do some algebra with fuzzy numbers. 

l 

.a 

Figure l. The price ofthe underlying at t= l. 
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3. PRELIMINARIES ON THE MODEL 

-
Let us considera one-period model where t e {0,1} is time; W, is the set oftraded portfolios; if 

w e w, P, w be the value at time t, of asset w. The two basic securities are M ,R e w: the first, 

M , called money market account, is riskless, while the second R , is the fuzzy asset. The 

money market account, is worth one at t = o, PoM = 1 and its value at t = 1 is if = 1 + r, where 

r is the risk-free interest rate. The second security R, is fuzzy: the price at time zero, p
0
R, is 

observable, while the price at time one, ~R, is modelled as the fuzzy triangular number 

P,_R = (a
1
,a

2
,a

3
) introduced inthe previous section. 

W e also make the following assumptions: 

Aif W is a linear si>acè. If assets· i, j e W, · and a, p e 9t, then aP,; + PP/ e w, i. e. marketed 

assets are closed ùnder the construction of portfolios. 

A2) Ali investors have homogeneous beliefs for each a E [0,1]. Every agent agree that the 

price at time t ofasset w will be J:w. 

A3) Mark:ets are frictionless i.e. markets have no transaction costs, no taxes, no restrictions 

on short sales and asset are infinitely divisible. 

A4) Every investor acts as a price taker. 

AS) Interest rates are positive. The interest rate is equal to r >o percent per uni t time. 

A6) The fuzzy asset price at t= l is represented by a triangular fuzzy number as introduced 

in section 2. 

A 7) No arbitrage opportuni ti es are allowed. This condition is expressed by the following 

formula: 

'rfa e [0,1] 

W ere it not verified, the fuzzy asset would have a price strictly greater, or less than the price 

of the money market account, and arbitrage opportuni ti es would arise. 

A8) The market is complete Va E [0,1[. The condition for completeness is a* 1, in fact if 

a= 1, ~R = a 2 , and the asset .becomes crisp (i. e. not fuzzy), and there is no more uncertainty 

in the model. 
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4. CHARACTERISTICS OF AN OPTION ON A FUZZY ASSET 

An option is a bilatera! contract which gives the hoider the right to buy (cali option) orto seli 

(put option) a certain asset(the underlying) at a given price K (strike price), at the maturity 

date T. As we are in a one-period model, it makes no sense to distinguish between European 

and American ones. W e examine in detaii the case of a cali OJ:>tion, the case of a put is 

symmetrical and wili not be discussed in this paper. 

At the maturity date, a cali option has a positive value if the price of the underlying is greater 

than the exercise price; in the opposi te case it remains unexercised and has zero value. As 

the payoff of a cali option depends on the price of the underlying asset, if the Iatter is fuzzy, 

the former is fuzzy too. 

Let K be the strike price, in order to niake an option an interesting contract we assume that 

Vae[O,l] 

The payoff ofthe cali at t = l is: 

P1c = max[ O,(P1R - K)] 

and, since ~R is a trianguiar fuzzy number, 

c lJ. =max[O,(~ -K,a2 -K,a3 -K)] 

(l) 

(2) 

(3) 

In order to fuifil condition A7) and equation (l) the payoff ofthe cali is given only for 

a <ii, (4) 

w h ere a= min[a * (K),a * (P0R (l+ r)),a * *(K),a * *(P0R (l+ r))] 

Thus, the payoff ofthe cali at t= l is: 

P1 c = max [O, a 
3 

- K - a (a 3 - a 2 )] (5) 

Note that the value of the option is no t a triangular number, a result that depends on the non­

linear nature of option contracts. An example is provided in Fig.2. 
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a**(K) 
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0 
(l+ r)) ---·-·--·• .. ----··~-.. --.... -t-------· 

i I 
i 'i 
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i l 

Po(l+r) K 

Figure.2. An example of the payoff of the call ( dashed area). 

5. PRICING AN OPTION ON A FUZZY ASSET 

In this section we show how to price the cali option by constructing a portfolio that replicates 

the payoff ofthe cali at time one. Then, by the no arbitrage condition, the price ofthe call at 

time zero must be equal to the price of the portfolio at the same time. 

Let Ni be the number of units of asset i, with i= {M,R}, we look for a portfolio such that: 

M R C 
N MIJ. +N RIJ. = lj_ 

Thus, for each a , we get the following system: 

{

Nu(l+r)+NR[a +a(a2 -a1)]= O 

Nu(l+r)+NR[a: -a(a3 -a2 )]= a
3 
-K-a(a3 -a2 ) 

the solution is the following: 

NR[a +a(a2 -a1)] 

N - -----=-~----
M - (l+r) 

a
3
(l-a)-K+a 2a 

NR=+~----­
(l-·a)(a3 -a 1 ) 

7 

(6) 

(7) 



thus the price of the cali is: 

poc = N MpoM +N RpoR 

Recali that the price ofthe Cali is defined only fora< a. 
(8) .-

Altematively, we can price the cali by means of the risk neutral valuation approach, as 

foliows: 

p_ c = _1_ E[l~c] 
o l+r . • 

where E stands for expectation under the following risk neutral probabilities that we derive 

for each a <a : 

l 
...:...(l_+_r.;_) -_d_. -_a_(.;_m_-_d.....:...) · 

q 1 = (u- d)(l-a) 
•..... (u- d)(l- a) ~(t"~ r) +d+ a(m- d) 

q2 = . 
·(u- d)(l- a) 

(9) 

where u = a3R , m = a 2 . d = ~ 
D nR' nR • 
.ro .ro .ro 

6. PROPERTIES OF THE CALL PRICE 

In order to assess the validity of this model, we verify whether the standard properties of 

option prices hold. 

Recall that the foliowing conditions are always verified: 

a e [0,1[ 

Rewriting equation (8) we can write the price of the cali as foliows: 

pc= 3 * l 
a (l-a)-K+a 2a [P0R(l+r)-a -a(a2 -aJ] 

0 
(I-a)(a 3 -aJ (l+r) 

(lO) 

(11) 

(12) 

The cali price depends on the. value of the parameters K, r, P;, a and on the shape of the 

distribution, i.e. a1 , a3 ~ a 2 • 

In the following we will èxamine separately the influence of each parameter. 

' · Deriving equation (12) with respect to the strike price K, we obtain: 
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(13) 

--
Given conditions (10), (11) and assumption A5) it is easy to see that the denominator is 

always positive and the numerator is positive if: 

Pt(l+r)-a
1 

a<~---~ 

(a2 -al) 

and this is always verified, given condition (4). Thus, the price ofthe cali is decreasing in the 

strike price. 

Deriving equation (12) with respect to r, the interest rate, we obtain: 

aP; =[a3(1-a)-K +a2a]* [a1 +a(a2 -a1)] 

ar (l-a)(a3 -al) (l+r)2 
(14) 

The second term in brackets and the denominator of the first are always positive, given 

conditions (10) and (11), the numerator ofthe first term is positive if: 

a -K 
a < __;;3;___ 

(a3 -a2) 

and this is always verified, given condition ( 4). Thus the price of the call is increasing in r. 

As r' increases, the expected growth in the stock price increases and this implies an increase 

in the value of the cali, however, as r increases, the present value of any future cash flow 

received by the holder of the option decreases. It can be shown that the first effect dominates 

the second. 

Deriving equation (12) with respect to P0R, the price of the underlying, we obtain: 

ap0: =[a3(I-a)-K +a2a] 
8P0 (l - a)( a 3 - a 1) 

(15) 

The denominator is always positive, given conditions (10) and (11) and the numerator is 

positive if: 

a -K 
a < __,3::..___ 

(a -a ) 
3 2 

and this is always verified, given condition (4). Thus the price ofthe cali is increasing in P0R. 

Summing up, the cali price in our model has the standard properties of call option prices 

with respect to the strike price, the interest rate and the underlying price. 
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W e further examine the additional properties of the call price that are specific to our model. 

Deriving equation (12) with respect to a we obtain: 

òJ>; =[(2a-a
2

)(a3 -a2 )(a2 -a1)+(a2 -K)(P:(l+r))+a,(a3 -a2 )+a2(K-a3)] (
16

) 

òa (l-a)2 (a3 -a1)(1+r) 

The denominator is always positive, given condition (10) and assumption AS). It is easy to 

prove that the numerator is negative for each a that satisfies condition ( 4) and thus the 

derivative with respect to a is always negative. As a may be interpreted as the information 

level, this result is in line with the standard properties of a cali option, given that the lack of 

information about the underlying causes an increase in the volatility. 

Deriving equation (12) with respect to a1 , the lower bound ofthe fuzzy number, we obtain: 

ap
0
c = [a 3 (l - a) --K + a 2a ] * [ P0R (l-+ r) - a 3 (l - a) - a 2a ] 

òa1 (1-a)(l+r) (a3 -a1 )
2 

(17) 

Given condition (10) and assumption AS), the first term in parenthesis is positive for 

a <a* *(K); the second term is positive fora> a **(P0R (l+ r)), therefore it is easy to show 

that for a < a the derivative is always negative. 

Deriving equation (12) with respect to a3 , the upper bound ofthe fuzzy number, we obtain: 

ape [PR(l+r)-a -a(a 2 -a,)l [K-a -a(a -a)] o_ O l * 1 2 1 

òa 3 - (l - a)( l + r) (a 3 - a 1 ) 
2 

(18) 

Given condition (11) and assumption AS), the frrst term in parenthesis is positive for 

a< a* (K); the second term is positive for a< a *(P0R {l+ r)), therefore it is easy to show 

that the derivative is always positive. 

These two latter res_ults can be easily interpreted by noting that keeping all the other 

parameters fixed, an increase in a, or a decrease in a3 is equivalent to a reduction in the 

volatility ofthe underlying, which obviously implies a decrease in the ca11 value. 

Deriving equation (12) with respect to a2 , the peak value ofthe fuzzy number, we obtain: 

0p
0
c = [a[P0R (l+ r)- a 1 - a3 + K- a(2a 2 - a 1 - a 3 )]] 

oa2 (l- a)(l + r)(a3 -a,) 
(19) 
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Since the denominator is always positive, given conditions (10), (11) and assumption A5), 

the derivative is equal to zero if a=O or if the quantity in square brackets at the numerator is 

equal to zero, i.e. if 

R _ P
0 

{l+ r)- a
1

- a
3 

+ K 
where a = --=----~'---=---

2a2- a 1 - a 3 

·-

Thus, the sign of the derivative depends o n the values of the parameters K, P0', a 1 , a 
2

, a 
3

• 

A summary of the different possibilities emerging is given in Table l. As we can see the 

interpretation of these results is not straightforward .since it strongly depends on the relative 

magnitude of the model parameters: 

.4~ .4~ .4~ 

~ ... ... ... ....... 

arai a3-a2 ara1>a3-a2 ara1<a3-a2 

~R (l+ r) - a
1 
= a3 - K o - + 

~~ 
ifa<a 

~R (l + r) - a
1 
> a3 - K + ifa>a + 

if a=ii 

'l~ 
ifa<a 

P/ (l+ r)- a 1 < a 3 - K - - ifa>a 
if a=ii 

T ab le l. The sign of the derivative of the call priçe with respect to the peak value of the 

underlying. 

11 



7. COMP ARISON WITH THE BINOMIAL M O DEL 

In order to facilitate the comparison, we rewrite the one-period Binomia! Option Pricing 

Model in the following way. Let t={Ql} be time; W, be the set of the marketed portfolios; 

s ={D, u} be the set of the states of the world, where u means up, D down; K the exercise 

price, with "t < K < ~. If w e W, Jt{S) is the value at time t, of asset w in state S. Let M be a 

risk free asset, with p0M = 1 , ~M = 1 + r in both states of the world. Let R be a risky asset with 

a given price p0R, whose future price depends on the state of the world: ~R (D)= a1 , 

P,.R (U) =al • 

A cali option on asset R has payoffs equal to: ~c (D)= o and P,. c (U) = a 3 - K . Pricing the 

option by the construction ofthe duplicating portfolio gives: 

a
1 

(a 3 - K) 
N - - -=---:...._ __ 
M- (1+r)(a

3 
-a

1
) 

(a
3

- K) 
N R = + ----=~­

(a3 -al) 

where N is the quantity of asset w. 
w 

These are the same values that we found in our model ifa= o (see system (7)). 

Altematively, the standard binomia! model can be represented by means of the risk neutral 

valuation approach, as follows: 

pc= _I_E [Pc] 
o l+ r l 

where E stands for expectation under the following risk neutra! probabilities: 

{

q _(l+r)-d 
l- (u-d) 

u-(l+r) 
q = 

2 (u-d). 

Note that these values are the same that we found in our model ifa = o (see system (9)). 
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7. CONCLUSIONS 

As far as we know, this is the first attempt of combining a standard Binomia! Option Pricing 

Model with a fuzzy representation of the option payoff. In this paper we have proposed, 

within a one peri od framework, a fuzzy modelling of the uncertainty in the price of an asset 

and we have priced, by the no arbitrage condition, an option written on that asset. This 

methodology offers some advantages. First, i t provides a more realistic way of looking at the 

future price of a fuzzy asset. Second, i t includes the results of the Standard Binomia! Mode l. 

This work has to be seen as preliminary to future research and stilllends itself to be extended 

in many directions. High on the research agenda are the extension to a multiperiod discrete 

version and the development of a model with informational asymmetries, allowing for 

different a, i. e. the existence of differently informed agents in the market. 
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