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Abstract

While conjugate Bayesian inference in decomposable Gaussian graphical
models is largely solved, the non-decomposable case still poses difficulties con-
cerned with the specification of suitable priors and the evaluation of normalis-
ing constants. In this paper we derive the DY-conjugate prior (Diaconis and
Ylvisaker, 1979) for non-decomposable models and show that it can be regarded
as a generalisation to an arbitrary graph G of the hyper inverse Wishart dis-
tribution (Dawid and Lauritzen, 1993). In particular, if G is an incomplete
prime graph it constitutes a nontrivial generalisation of the inverse Wishart
distribution.

Inference based on marginal likelihood requires the evaluation of a normal-
ising constant and we propose an importance sampling algorithm for its com-
putation. Examples of structural learning involving non-decomposable models
are given.

In order to deal efficiently with the set of all positive definite matrices with
non-decomposable zero-pattern we introduce the operation of triangular com-
pletion of an incomplete triangular matrix. Such a device turns out to be
extremely useful both in the proof of theoretical results and in the implemen-
tation of the Monte Carlo procedure.
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1 Introduction

Bavesian analysis of undirected Gaussian graphical models has been considered in
literature mainly for the subclass of models with decomposable graph (Dawid and
Lauritzen, 1993; Cowell et al., 1999; Giudici and Green, 1999).

An arbitrary graph G can be successively decomposed into its prime components
(Py....,P,). Since the prime components of a decomposable graph G are all complete,
the analvsis of a graphical model with decomposable graph may be reduced to the
analvsis of saturated marginal models corresponding to the cliques of G' (see Lauritzen,
1996).

The inverse Wishart distribution is conjugate for the parameter ¥ of the saturated
model and, for the analysis of decomposable Gaussian graphical models, Dawid and
Lauritzen (1993) introduced a generalisation of such a distribution and named it
hivper inverse Wishart. The characterising features of this distribution are the hyper-
Markov property and its clique-marginals that are all inverse Wishart, but Dawid
and Lauritzen (1993) also showed that it satisfies the strong hyper-Markov property
that allows the local computation of several statistical quantities. Furthermore Bjerg
and Nielsen (1993) showed that the hyper inverse Wishart distribution is the DY-
conjugate prior for the model (Diaconis and Ylvisaker, 1979).

For a model selection procedure, however, it is natural to choose candidates
from the set of all graphs and a restriction to the subset of decomposable models
is somewhat artificial. For instance, Cox and Wermuth (1993) noticed that for the
variables in Table 1. a non-decomposable graph like that in Figure 1 seems to be
strongly indicated (see also Cox and Wermuth, 1996, p.70).

Figure 1 about here

Another example where a chordless four-cycle might well describe the relations be-
tween variables is shown in Table 2. These data are reproduced in several texts; for
an analvsis based on graphical models see Whittaker (1990) and Bjerg and Nielsen
(1993).

Tables 1 and 2 about here

This paper is concerned with the Bayesian analysis of Gaussian graphical models
with non-decomposable graph . A central role is played by the incomplete prime
components of G. The set of all prime graphs on p vertices includes the complete
graph but, if p > 4, it also includes incomplete graphs; the chordless four-cycle in
Figure 1 is the smallest incomplete prime graph (for a discussion on its interpretation
see Cox and Wermuth, 2000).

We derive the DY-conjugate prior for an arbitrary graph G and call it a hy-
per inverse Wishart because it satisfies the strong hyper-Markov property and its
marginal distributions corresponding to the complete prime components of G are in-
verse Wishart. Of interest are the marginal distributions for the incomplete prime
components of G that can be regarded as a generalisation of the inverse Wishart
distribution to the set of all prime graphs.



A marginal likelihood approach to structural learning requires the evaluation
of a normalising constant. We propose an importance sampling procedure for its
computation in the case the prior distribution is hyper inverse Wishart. For an
efficient implementation of the procedure, a strategy to deal efficiently with the set
of all positive definite matrices with non- decomposable zero- pattem is required. We
solve this problem by considering the Cholesky decomposition of ¥~ and introducing
the operation of triangular completion of an incomplete triangular matrix. This
paper rely heavily on this idea that is also used in the proof of theoretical results.
Related works on the triangular decomposition of either the covariance matrix or
its inverse include Massam and Neher (1997, 1998), Pourahmadi (1999), Roverato
(2000). Wermuth (1980) and Wermuth and Cox (1997).

The notation, including the definitions of incomplete triangular matrix and trian-
gular completion, is presented in Section 2. The general theory relating to Gaussian
graphical models and the hyper inverse Wishart distribution is presented in Section
3. In Section 4 we derive the DY-conjugate prior for non-decomposable models and
investigate its properties. The proposed importance distribution and a discussion on
the performance of the Monte Carlo procedure is given in Section 5. Examples of
structural learning for the data in Tables 1 and 2 are discussed in Section 6. Finally,
in Appendix A we present a detailed description of the technical aspects concerning
the triangular completion operation.

2 Notation

Unlike decomposable models, in the non-decomposable case the the analysis of graph-
ical models cannot be reduced to the analysis of saturated marginal models but re-
(uires handling non-saturated irreducible models explicitly. To deal with the conse-
quent notational difficulties Roverato and Whittaker (1998) proposed the use of an
edge set indexing notation to be applied to Isserlis matrices, incomplete symmetric
matrices and matrix completion. In this section we rev iew the main features of such
a framework. introduce the graph theory notation used in this paper and extend the
idea of incomplete matrix and matrix completion to the set of upper triangular ma-
trices. A full account of graph theory requisite for graphical models can be found in
Cowell et al. (1996).

2.1 Edge set indexing notation and the Isserlis matrix

Let 17 be a finite set with |[V| = p, and let T’ be a p x p matrix. The rows and
('ohn'nm of T are indexed by the elements of V', so that I itself is indexed by V' x V.
= {1,....p}, [ = {v;} is indexed by row and column numbers. When the

01(101111@) of the elements of V' is fixed, we assume that the rows and columns of I" are
ordered accordingly.

The Isserlis matrix of a positive definite matrix I'. Iss(I'), (Isserlis, 1918; Roverato
and Whittaker, 1998) is the symmetric matrix indexed by W x W where W = {(4,7) :



i.j € 1.0 < g}, with elements {Iss(I)}; ) (. 5) = YirVjs T YisVsr- The determinant of
the Isserlis matrix is | Iss(T')| = 2P|[|P*H.

We denote an arbitrary undirected graph by G = (V, V), where V is the vertex
set and V is the set of edges. We use the convention that for all « € V' the pair (4,1)
is included in the edge set V and that if (4, j) € V then ¢ < j. The set W is therefore
the edge set of the complete graph and we denote by ¥V = W\V the set of edges not
in GG. Similarlv for a nonempty subset 4 of V' the edge set of the induced subgraph
G4 is denoted by A = VN (A x A), while A = VN (A x A) indicates the set of edges
not in G 4.

Fzample 1. For the graph G' = (V) in Figure 1, the vertex and edge sets are V =
{1.2,3.4} and V = {(1,1),(2,2),(3,3),(4,4),(1,2),(1,4),(2,3),(3,4) } respectively,
while V = {(1.3),(2,4)}. For A= {1,3}, A= {(1,1), (3 3) } and A = {(1,3)}, while
for B = {1.2}. G]—,» is complete so that B = {(1,1),(2,2),(1,2)} and B = .

O

For anv undirected graph G = (V,V) the pair (V,V) is a partition of W. To this
correspond the submatrices Iss(I')yy, Iss(I')yy and Iss(I')pyp as well as the partial
matrix Iss(I)yyp = Iss(I)yy — Iss(T)yy Iss(')5;, Iss(T')py. The nonempty subsets A
and B of V7 identify the submatrix Iss(I') 45 of Iss(I')yy through the edge sets of the
corresponding induced subgraphs. We recall that the Isserlis matrix can be computed
locally: namely Iss(I') 44 = Iss(T.4).44 so that for A complete Iss(I') 44 = Iss(Ia4)
(Roverato and Whittaker, 1998).

Vertices ¢ and j. with ¢ < j, are said to be neighbours if (4, j) € V. The boundary
hd(A) of a subset A of 17 is the set of vertices in ¥\ A that are neighbours of vertices
in 4. A graph G = (1,V) is said to be collapsible onto B C V' if every connected
component of 1\ B has complete boundary in G

We denote bv Pp,..., P, the prime components of an undirected graph G =
(V.V). A prime component is a subset of V' that induces a, possibly incomplete,
maximal subgraph without a complete separator. Any non-decomposable graph has
at least one incomplete prime component. Efficient algorithms have been developed
to find all prime components of any undirected graph (Leimer, 1993).

The prime components of an undirected graph can be ordered to form a perfect
sequence (... .. P,,) of subsets of 17 and, following standard notation, we denote
by H, = P, U---U P; the histories, by R; = P; \ H;_; the residuals and by S
H;_ Iﬂl the separators of the sequence. Recad that, forall j = 2,..., k the subgraph
Gy, is (ollapsﬂ)le onto Gy, _, (Lauritzen, 1996, Lemma 2.11). If the vertices V are
enumerated bv taking first the vertices in Ry, then those in Rg_1,..., Rg, P, we say
that the vertices are enumerated along a perfect sequence of prime components of G.

Assume now the vertex ordering V' = {1,2,...,p} fixed and, for i = 1,...,p, let

{i] = {1.....i} and (i} = {i +1,....p} so that {p] = VV and (p} = 0. We denote
by v = | bd(z) N (i}| the number of vertices adjacent to ¢ following ¢ in the given
ordering.

We remark that for a decomposable graph G = (V.V} a perfect sequence of
prime components of G is a perfect sequence (C1,...,Cy) of cliques of G. In this
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case. if the vertices V' are enumerated along a perfect sequence (Ci,. .., Cy) then the
vertex ordering is said to follow a perfect vertex elimination scheme for G' and the
sets bd(i) N (i} are complete for all i = 1,....,p = 1. We also recall that, a perfect
vertex elimination scheme taken in reverse order forms a perfect numbering of the
vertices of G (Lauritzen, 1996, Lemma 2.12).

2.2 Incomplete matrices and matrix completion

Lot A+ denote the set of all [V] x |V| positive definite matrices. For aset C C W
the C-incomplete symmetric matrix I'C is defined as the symmetrised matrix indexed
by 17 x V" with elements {v;;} for all (i,7) € C, and with the remaining elements

unspecified.

Erample 2. For the graph G = (V] V) in Figure 1. the V-incomplete symmetric
matrix and its submatrix induced by A = {1,3} are respectively

Yo Yz o* T4
: Yoo T2 T2 * Y11 X
1-*\/ — /21 /22 Y23 &Ild FKA — F./i‘,A — Y ’
* 0 Y32 V33 V34 * Y33
Y41 K Y43 a4

where asterisks denote unspecified elements. O

If it is possible to fill an incomplete symmetric matrix ' to obtain a (full) positive
definite matrix we say that I'¢ admits a positive completion. For an undirected graph
G = (1.V), we denote by MJF(G) the set of all V-incomplete symmetric matrices
TV that admit positive completion and by M*(G) the subset of all positive definite
matrices T—! satisfving {T7'};; = 0 whenever (i,j) € V.

We sav that T is the PD-completion of I'V € MF(G) if it is the unique positive
definite matrix such that

Y =1  and '€ MT(G) (1)

See Grone et al. (1984) for a proof of the existence and uniqueness of such matrix.
The properties of PD-completed matrices and their Isserlis matrices can be found
in Lauritzen (1996) and Roverato and Whittaker (1998) respectively. Here we recall
some of them.
[fT-' € M*(G) where G is an undirected graph with prime components (Pr,...,Pg),
then

H?:l {ISS(FPij)Pij!

H,%;:l ‘rl’ijl

T = = and Iss(T)yy| = , 2
H,{/"'::Z ‘FS.;'Sjl Hl;:‘z [ Iss(I's, 5{,-)' @
where if P; is complete |Iss(Tp,p,)yp; | = | Iss(Tp,p,)| = 2P p p [1B1FE. Further-
more
et 10 ~ 1 10
=2 [FPJPJ} -2 [FSJSJ'] ’ (3)
j=1 j=2



where [['pp|® denotes the || x [V| matrix obtained by padding zero entries around
I'pp to obtain full dimension. We remark that a relation similar to (3) also holds for
Iss(T')yy (Roverato and Whittaker, 1998 equation (14)) but it is not required here.

When G is decomposable, equation (3) can be used to compute the PD-completion
of IV € MF(G), but in the non-decomposable case PD-completion operations are per-
formed by means of iterative procedures, typically the standard iterative proportional
fitting algorithm (see Whittaker, 1990, p.182).

We consider now the set A< of all |V| x|V upper triangular matrices with positive
diagonal and. in parallel with symmetric incomplete matrices and positive definite
completion, we define triangular incomplete matrices and introduce the concept of
triangular completion.

For a set C € W we define the C-incomplete triangular matrix ®° as the upper
triangular matrix indexed by V' x V with elements {¢;;} for all (4,j) € C, and with
the remaining elements unspecified.

Ezample 3. For the graph G = (V,V) in Figure 1, the V-incomplete triangular
matrix and its submatrix induced by A = {1, 3} are respectively

G Q12 x duy

QY = 0 62 do * and oY, = o4, = b
0 0 o33 o A A4 0 o33 )
0 0 0 ¢y

]

We denote by MZ(G) the set of all V-incomplete triangular matrices with positive
diagonal. It is straightforward to see that any completion ® of ®¥ € M?(G) satisfies
the relation @ Td € M.

The factorisation ™! = @7 with I~ € AT and ¢ € M7 is called the Cholesky
decomposition of I and defines a bijective mapping from M™ to M 7 : M*T —
A< For an undirected graph G = (V,V), the mapping 7 (-) identifies the subset
AE(GY = 7{MH(G)} of all @ € M< such that ®7® € M*T(G). We say that @ is the
T-completion of ®Y € MZ(G) if it is the unique upper triangular matrix such that

(@) = oY and o e MY(G). (4)

The technical aspects concerning the T-completion of an incomplete triangular ma-
trix. including its existence and uniqueness, are given in Appendix A. In particular
we show that for all Y € M7(G) the T-completion ¢ can be computed efficiently
in closed form. In fact, in T-completion a large amount of local and parallel com-
putations are possible. Firstly, the unspecified elements on the same row of ®" can
be computed in parallel. Secondly, if the vertices V' are enumerated along a perfect
secquience of prime components (Pr, ..., P.) of G, then the T-completion of ®¥ only
involves the Pj-incomplete triangular submatrices @ZJ‘ p, corresponding to the incom-
plete prime components of G. These may be completed locally with respect to G'p,
and in parallel (see Theorem 1).



Throughout this paper, for an undirected graph G = (V,V), we always consider
the vertices 1 enumerated along a perfect sequence of prime components of G' and
write I-1 = &7 ® to define the Cholesky decomposition of T'~",

Both PD- and T-completion are computational devices for the generation of
elements from the set M*(G). In Gaussian graphical models M (G) represents the
canonical parameter space and (1) can be reformulated as the equations satisfied by
the maximum likelihood estimate & of the covariance matrix ¥ (Speed and Kiivery,
1986). However, when G is non-decomposable it cannot be performed efficiently
and this proscribes its use in Bayesian computational intensive procedures where an
efficient exploration of the parameter space M (G) is required. T-completion cannot
be applied to the computation of maximum likelihood estimates but turns out to be
verv useful in Bayesian applications.

3 Hyper inverse Wishart distribution

In this section we define Gaussian graphical models and present the theory related to
conjugate priors. hyper-Markov properties and hyper-inverse Wishart distributions
required in this paper. We refer to Lauritzen (1996) for a full account of Gaussian
graphical model theory and to Dawid and Lauritzen (1993) for the theory of hyper-
\larkov distributions. For a definition of standard and DY-conjugate families and a
review of their properties see Gutiérrez-Pena and Simth (1997).

Let X = Xy be a |V'|-variate Normal random vector with mean equal to zero and
covariance matrix ¥ = {o;;}. The covariance selection model, or Gaussian graphical
model. for X with graph G = (1", V) is specified by assuming that K = %! belongs to
MH(G) (Dempster, 1972; Wermuth, 1976). A model whose graph is decomposable is
itself called decomposable. For a subset B C 17, the submatrix X g is the parameter
of the marginal distribution of Xp and, if A=V\B,

—1 ; o —1
Caqp = Sa4— LapXppipa and Typ = YapXgp

are the parameters relative to the conditional distribution of X4 given Xp or, more
compactly, of X 4|.\p.

The Gaussian graphical model is a regular exponential family (Lauritzen, 1996,
p.132). In the saturated case G is the complete graph and the DY-conjugate prior,
that is the distribution induced on the moment parameter ¥ by the standard con-
jugate prior for the canonical parameter K = {x:;} (Diaconis and Ylvisaker, 1979),
lias an inverse Wishart distribution. Using the parameterisation of Dawid (1981), we
write © ~ [117(4, D) with density
}E‘A(MEW!)/?

. i . 1 1
fr(Efo. D) = h\/'(o)mm exp {"‘5 tr(X D)} ,

where
9—VI(§+VI-1)/2

),

hy(9) (5)
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is the normalising constat (Muirhead, 1982, p.113). The standard conjugate prior for
the model has therefore a Wishart distribution, K ~ W (4 + |V|—1,@), where § > 0
and D = ()~' is a positive definite matrix. We recall that the multivariate Gamma
function has form Iy (y) = AVIvi=ua Vi oy — (- 1)/2).

If G = (V. V) is an arbitrary undirected graph. the standard conjugate prior for K
can be obtained from the saturated case by conditioning on the event {K € M*(G)}.
Such a distribution was introduced by Bjerg and Nielsen (1993) who named it Markov
Wishart (see also Giudici, 1996); here, following Roverato (2000) we call it a G-
conditional Wishart and write K ~ Wg (6 + [V| — 1, Q) with density

- 1
16 (K15,Q) o | K2/ exp {—5 tr(KQ”l)} K e M) (6)

We remark that the matrix hyperparameter of the distribution is an incomplete matrix
DY € M*(G). This can be seen by recalling that tr(K D) = 31. )_ kijdij so that,
since ry; = 0 for all (4,7) € V. only the specified elements of DY enter into the
specification of the density. For this reason, in the following we can assume without
loss of generality that D is a PD-completed matrix and that () € M (G).

Bjerg and Nielsen (1993) showed that. in the decomposable case, the DY-conjugate
prior for ©Y is hyper inverse Wishart, ©¥ ~ HIW¢(4, DY) (see also Roverato, 2000).
The hvper inverse Wishart distribution was first introduced by Dawid and Lau-
vitzen (1993) who defined it as the the unique hyper-Markov distribution for %V
with marginals ¥p p, ~ TW (4, Dp.p,), forallj=1,..., k. Recall that, in the decom-
posable case for all j = 1,...,k the submatrices ¥pp, of YV are fully specified. The
hvper inverse Wishart distribution can be obtained as hyper-Markov combination of
the marginal inverse Wishart distributions for the prime components of G so that its
density factorises as

H;‘?:J fP) (EP/'PJ“ (57 DPJ'PJ')
H."’;:2 fS_,' (Zsj Sj | 6: DS_,- Sj) -

f(w'(Evi (5 DV) = (7)

We now mention some properties of the hyper inverse Wishart distribution. For a
decomposable graph G = (V, V) assume %Y ~ HIW¢(6, DY) and let K = £~ where
Y is the PD-completion of =Y. Then, for every pair of subsets B and A = VAB of V

ok

such that G is collapsible onto B,

R.1 SB, ~ HIW,(6,D8p), or equivalently Spp = Kppa ~ We,(0 + |Bl -
L. Qppa):

R.2 Sppisindependent of (£,.4.45. T 4;5); shortly Yepll(X44p. 1 4p). Equivalently
KNppaL(K g4, Kap).

Result R.1 derives from the constructing procedure of the hyper inverse Wishart
distribution. Property R.2 gives, in an alternative formulation, the strong hyper-
Markov property for the distribution of &Y (Dawid and Lauritzen, 1993, Proposition
3.18). This plays an important role in Bayesian inference because it allows the local



computation of important statistical quantities with a consequent simplification of
the inference process.

The upper triangular matrix ¢ defined by K = ®Td constitutes a useful repa-
rameterisation of the model into variation independent terms (see also Consonni and
Veronese, 2000). For the distribution induced by £¥ on ® the following results are

available.

R.3 For everv ordering of the vertices V such that B = {b,0+1,...,p} the first |A]
rows of @ are independent of the remaining | B| rows; that is (® 44, up) L Ppp.

Assume now the vertices 17 enumerated along a perfect sequence of prime components
(Py..... Py.) of G. Then

R.4 ® is made up of zeros but for the row-blocks

q)PlPU ((I)RZRQ (DRZSZ)7 SRR ((I)RkRk (DRkSk:);

R.5 the row-block submatrices in R.4 are mutually independent:
R.G the rows of everv row-block submatrix in R.4 are mutually independent;

R.7 the distribution of the rth row of ® can be computed locally as follows. The rth
row of ® belongs to one and only one of the row-blocks in R.4. To this corre-
sponds one of the prime components, say £, of G. Thus the rth row of ® is the
ith row of ®pp and can be partitioned into a zero lower-triangular part, a diago-
nal element ¢;; and an upper-triangular part ¢ 1= (b2:<i} = (Giit1, -, d)i)!p])T.
Then. if T = {#,;} is defined by Dpp =TT

Gii ~ tiin) XGay, and  Ogy|dn ~ N <@iit(i}; TJ}@;}T(V:}('L}) .

where 2 denotes a chi-squared random variable and #4; == (f;;41,. .., tup!)T_
We remark that here both the set (i} and the index v; are considered with

respect to Gp.

Result R.3 is equivalent to R.2 by (A10). Result R.4 was shown by Wermuth (1980);
see also Proposition 1 in Appendix A. A proof of properties 2.5 and R.6 can be
found in Massam and Neher (1997); see also Roverato (2000). R.7 can be derived by
applyving standard results of the Wishart distribution (see Muirhead, 1982, Theorem
3.2.10) because by (A8) and (A9) the ¢th row of ®pp can be obtained by the Cholesky
decomposition of Lpp ~ W (4 — [P — 1. Dib).

When G = (17 V) is complete. the distribution of ¥ is inverse Wishart and results
R1I-R7 can be applied by recalling that the complete graph has only one prime
component 17, its vertices are always enumerated along such a prime component and
that it is collapsible onto every B C V.



4 DY-conjugate prior for non-decomposable mod-
els

Introducing the hyvper inverse Wishart distribution as the DY-conjugate prior for
the Gaussian graphical model with decomposable graph G provides a natural way
to generalise such a distribution to the non-decomposable case. Here we derive the
DY-conjugate prior for a Gaussian graphical model with arbitrary undirected graph
G = (17, V) and consider the extension to the non-decomposable case of its properties.
An interesting feature of this distribution is that when G is an incomplete prime graph,
it can be regarded as a nontrivial generalisation of the inverse Wishart distribution.
Otherwise it can be obtained by hyper-Markov combination of the DY-conjugate
priors for the prime components of G.

Let G = (V, V) be an arbitrary undirected graph. By definition, the DY-conjugate
prior for the Gaussian graphical model with graph G is computed from the standard-
conjugate prior K ~ Wg(d + |V| — 1,Q) via the change of variables to % = K=
that is. the transformation between the nonzero entries of K and the specified entries
of ©Y. The Jacobian of this transformation is |J(K — TY)| = 277 Iss(X 7 )yppp| =
29| Iss(S)py| ! (Roverato and Whittaker, 1998, equations (10) and (11)) so that the
resulting density function for ¥¥ € M} (G) has form

fa(ZV]6. DY) = he (6, DY)28 | Tss(D)yyl

. |E|*((5—2)/2 1 .
X } ISS(Z)VVI W exp {-‘5 tI'(Z D)} (8)

where © and D are the PD-completions of ©Y and DY € M (G) respectively. It
should be noticed that some terms in (8) do not depend on £ and could therefore
he included into the normalising constant hg (9, DY). However, in this way, when G is
complete (8. DY) = hy-(§) in (5). More generally, when G is decomposable, the nor-
malising constant does not depend on DY, hg(9, DY) = hg(6), and can be computed
by (5) and (7): see also Roverato (2000, Proposition 2). In the non-decomposable
case the normalising constant is not know and the next section is concerned with its
numerical evaluation.

If (P..... D) is a perfect sequence of prime components of G, then the density

(8) can be factorised as

) . P - P
I, fae, (Xpp, 10 Dplp,)

H?:Q f(r'sj (ES_/‘ SJ‘ } (57 DS_, Sj)

(9)

Fo(SV16.DY) =

that generalises (7). This factorisation can be shown by applying (2) to both [ Iss(D)yy|
and |Iss(S)yy| and by using (3) to decompose £~ in the trace. Equation (9) shows
that the DY-conjugate prior can be constructed by hyper-Markov combination of the
DY-conjugate priors for the prime components of the graph that, when complete,
have inverse Wishart distribution. For this reason, for an arbitrary graph G = (V, V),
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we write XV ~ HIWg(5, DY) to say that the distribution of ¥V has density (8),
extending in this way the notation of Dawid and Lauritzen (1993).

We now consider results R.1-R.7 given in Section 3 for the decomposable case and
show that R.1-R.5 hold for an arbitrary graph G. We first give the main result with
respect to the G-conditional Wishart distribution and then derive its implications for
the hyper inverse Wishart distribution.

Lemma 1 Suppose K ~ Wq(6 + V]| = 1,Q), where G = (V. V) is an arbitrary
undirected graph. For every pair of subsets B €'V and A = VAB of V' such that G
is collapsible onto B

(i) Kppia~ Way(d+ 1Bl —1, QBBlA);
(i) Kppjall(Kaa, Kap);

(iii) for every ordering of the vertices V. such that B = {b,b+1,...,p} it holds that
(P4, Dap)LPpp where ® is defined by K = OTP.

Proof. See Appendix B. O

As an immediate consequence of Lemma 1 we obtain the generalisation to an arbitrary
graph G of results R.1 and R.2.

Corollary 1 Let G = (V,V) an arbitrary undirected graph and SV ~ HIWg(§, DY).
Whenever G is collapsible onto B C V

(/) S%B ~ HIHT(I'B ((5 DgB);'
(//) (r;\lB- S,L,\\B)'U—ZBB ;
where 4 = 1\ A,

An undirected graph G is collapsible onto any complete subset of V', and in this case
vesult (i) of Corollary 1 can be reformulated as follows.

Corollary 2 Let G = (V,V) an arbitrary undirected graph and YV ~ HIWg(5, DY).
For every complete subset C C V', Yoo ~ IW (8, Dee)-

Note that Corollary 1 (ii) can be considered as an extension to the non-decomposable
case of the strong hyper-Markov property of ¥. In particular, Corollary 1 makes
clear that. as well as for the decomposable case, also in our more general formulation
the hvper inverse Wishart distribution is characterised by the strong hyper-Markov
property and its prime-component marginal distributions. However, in this case it is
important to make a distinction between complete and incomplete prime components
of G. For everv complete prime component C' of G the submatrix Xce has an inverse
Wishart distribution whereas the distribution of ©7 5, where P is an incomplete prime
component, is HIWe, (6, Dhp) and cannot be further simplified. In fact, the hyper
inverse Wishart distribution for incomplete prime graphs is a truly novel distribution.
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Interestinglv, it shares the relevant properties of the inverse Wishart distribution:
hv Corollary 2 all its clique-marginals have inverse Wishart distribution and, by
Corollary 1. it satisfies R.2. Such a property plays a key role in this context: Dawid
and Lauritzen (1993, Proposition 3.16) showed that, in the decomposable case, a
necessarv and sufficient condition for a hyper-Markov distribution for £V to be strong
hvper-Markov is that all the prime-component marginal distributions of £V satisfy
R.2. Furthermore, Geiger and Heckerman (1999) showed that, for G' complete and
1177] > 2. R.2 characterises the inverse Wishart distribution.

Erample 4. Let ¥Y ~ HIWq(6, DY) where G = (V, V) is the incomplete prime graph
in Figure 1. G is collapsible onto every subset {i, j} such that (4,7) € V. Hence, for
every (i,7) € V with ¢ # j, the parameter of Xy j1, Xy )5}, has inverse Wishart
distribution and is independent of the parameter of Xy ;3| X ;). In other words, the
distribution of ¥V is made up of four inverse Wishart marginals combined together
so as that the resulting joint distribution satisfy four independence properties; we
conjecture that these elements characterise the distribution. 0

We now consider properties R.5 to R.7. These concern the distribution of ® and
are useful in stochastic simulation to deal efficiently with the hyper inverse Wishart
distribution. The generalisation to the non-decomposable case of .3 is given in
Lemma 1 (iii) (for a connection between row-blocks of ®Y and the parameters of the
distributions of Xp and X 4|.Xp see Corollary 3 in Appendix A). R./ derives from
Proposition (1) and is shown in Appendix A. That E.5 holds in the non-decomposable
case can be seen by recursively applying Lemma 1 (iii) with A = R; and B = H,_;
for j = k.....2. Properties R.6 and R.7 do not hold in general. They are clearly true
for the row-block submatrices corresponding to the complete prime components of &
but it is not obvious how they can be generalised to an incomplete prime components,
sav . of G because in this case Ppp # CI>,7§P.

5 Computing the normalising constant

The normalising constant of the hyper inverse Wishart distribution is required for the
computation of important statistical quantities. However, it is known in closed form
onlv when G is decomposable and its computation by direct Monte Carlo integration
is not possible because a procedure for sampling from ¥ ~ HIW;(6, DY), when
G = (1.V) is non-decomposable, is not available. In this section we propose an
importance sampler for the numerical evaluation of hg(d, DY). In the simulation we
carried out the normalising constant seemed not to depend on DVY.

5.1 Importance sampler

Importance sampling evaluates a constant C = [ g(y)dy by drawing N samples
{y\,....yy} from an importance distribution with density /(y) and computing C' =

NN ;’ggg for instance see Tanner (1996, p.54). The difficulties related to the
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implementation of this algorithm to our problem are twofold. First, to deal directly
with £V is inefficient because the evaluation of fg(-) in (8) at a given point Y re-
quires the PD-completion of ©¥. Secondly, the shape of the required distribution
over its support needs to be closely tracked by the sampler as the high dimensional
spaces quickly lead to numerical inaccuracy.

We solve the first problem by implementing the algorithm with respect to the
distribution induced by Y ~ HIW4(6, DY) on ®Y. The advantage is that, the eval-
nation of the density g(-) of ® only requires an efficient T-completion operation.
We recall that the distribution of ®Y, for an arbitrary graph G = (V,V), can be de-
rived from that of a Wishart distribution by the following Condition-Reparameterise
(hereafter shortly C-R) procedure:

C-R PROCEDURE
1. For the complete graph (V, W) assume K ~ W (6 + |V| - 1,Q);

2a. for G = (V. V) condition K on the event {K € MT(G)} so that K ~ Wg(d +
V= 1.Q);

Su. perform the change of variables to K — ®”. (The density ge(-) of " is obtained
by replacing K by ® " ® in (6) and multiplying it by the Jacobian in Proposition
3).

As a solution to the second problem, we propose an importance distribution
motivated by a constructing procedure characterised, as well as for the C-R procedure
above. bv one conditioning and one reparameterising step:

R-C PROCEDURE
1. For the complete graph (V. W) assume K ~ W (5 + [V]| - 1.Q);

2b. perform the change of variables to A~ — ®" (the distribution of " is given in
R.5-R.7):

3b. for G = (17V). I(-) is the density of ®” obtained by conditioning ®" on the
event {®" e M (G)}.

Hence. the C-R and the R-C procedures start from a common distribution and per-
form on this the same operations but in reverse order. The resulting densities gg(-)
and I,(-) are in general different and, unlike the required distribution gg(-), it is
possible to sample efficiently from the importance distribution by exploiting the re-
cursive computation of T-completion jointly with the independence of the rows of
d™ . In fact. conditioning ®" to be the T-completion of ®¥ means to partition &
into (®Y. ¥\ and to compute the conditional distribution of ®Y|®™\V. As well as
for T-completion, this conditioning operation can be performed recursively by taking
the rows of ® one at a time, from top to bottom, and a random sample can be
efficiently drown in the same way. This can be seen by writing the density of ®"
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as the product of the marginal densities of its rows, and then by further factorising
the density of any row of ®" with respect to its diagonal and oft-diagonal part as in
R.7. Consequently, for i = 1,...,p, the ith row of Y|PV is made up of a diagonal
element @;;. that has the same distribution as the corresponding entry of @Y, and of
an off-diagonal part whose conditional distribution, given ¢;;, is multivariate normal
since it can be obtained from the corresponding conditional distribution of the ith
row of " by further conditioning ® ;) to be equal to (D{i]{p](q)’{’i]{m) in (Ad4).

The rate of convergence of the importance sampling procedure depends on how
closelv Ig(-) mimics go(-). On the basis of our experience, the performance of the
procedure can be improved by modifying the basic R-C procedure in two ways.

The efficiency of the procedure seems to be related to the dimension W\V| of the
conditioning set. For this reason we reformulate the first step of the two procedures
s0 as to allow the dimension of the initial distribution to be closer to that of the final

one.

1. Assume K ~ Wg (6 + V] — 1,Q) where G* = (V,V*) is a decomposable graph
such that ¥V C V* and enumerate the vertices V' along a perfect sequence of
prime components of G*.

This generalisation has no effect on the distribution resulting from the C-R procedure
hut it leads to different importance distributions depending on G*. Nevertheless, the
recursive procedure to derive the importance density remains unchanged and can be
applied exactly as described above by simply replacing W by V* everywhere.

The properties of the importance distribution depend on the choice of G*. For
instance. if G* is the fill-in decomposable graph described in Appendix A, then the
importance distribution differ from g¢(-) only on the row-blocks of ®¥ correspond-
ing to the incomplete prime components of G. Another possible strategy is that of
exploiting (9) to independently compute the normalising constants for each marginal
distribution corresponding to every incomplete prime component I? with respect to
Gp = (P.P) and to chose G% = (P, P*) such that [P*\'P| is minimized; for a discus-
sion on the triangulation of Gp see Cowell et al. (1999, p.57). In model search, this
has the advantage that incomplete prime components common to different graphs
need to be considered only once.

The second modification of the basic algorithm concerns the diagonal of @Y.
The conditioning step of the R-C procedure leaves the distribution of the diagonal
of &Y identical to that of ®Y". This is clearly a drawback, so that we introduce
the following diagonal correction that, in the simulations we carried out, led to a
substantial efficiency improvement.

4b. Correct the degrees of freedom of the chi-squared random variables on the main
diagonal of ®¥ by computing the indexes v; with respect to G rather than G

We close this section with a remark concerning the hyperparameter space of
the hvper inverse Wishart distribution. In the decomposable case the normalising
constant he(0) is finite for all ¢ > 0 but, for arbitrary graph G = (V. V), the hyperpa-
rarmeter space H(G) = {(6,DY)|0 > 0, DY € M (G),hg(6, DY) < oo} has not been
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fullv identified. Bjerg and Nielsen (1993, p.87) provided a partial result by showing
that H(G) is a convex set. Furthermore, they noticed that a general result for the
regular exponential family (Diaconis and Ylvisaker, 1979, Theorem 1) implies that
(2. +00) x M (G) C H(G). Hence, in our applications we always set § > 2.

5.2 Simulations

The performance of the proposed importance sampler is illustrated here with respect
to the two graphs in Figure 2. They are both incomplete prime graphs and the
associated hyper inverse Wishart distributions have dimension 16 for graph (a) and
13 for graph (b). Figure 2 also shows the fill-in decomposable graphs G* used in the
R-C procedures.

Figure 2 about here
The estimated constants are compared with the asymptotic approximation based

on Laplace’s formulae (see Tierney and Kadane, 1986),

V{5 og(8") + log(2) — (5’}}} (10)

- 1 ,
he (6. DY) = exp {—5 UV] log(27d") +

where ' = § — 2. Note that (10) is not a function of DY and depends on G only
through [V} and |V|.

Tables 3 and 4 give the estimated log{hg(d, DY)} for different values of the hy-
perparameters ¢ and DY. As mentioned above, these tables provide an empirical ev-
idence that. as well as for the decomposable case, also when G is non-decomposable
the normalising constant does not depend on DY.

Tables § and 4 about here

Figure 3 describes the evolution of the estimators of log{hq(3,1)} as the sample
size increases. These examples show that our importance sampler works extremely
well. For all the simulations the sample size was set to 15000; nevertheless, for a
satisfactorv estimate of the constant a much smaller number of iterations seems to
suffice. Furthermore. we observed that the convergence rate improves as ¢ increases.

Figure 8 about here

All the computations were done on a Pentium II-266 using the interpreted lan-
guage R. It is remarkable that, despite the lack of efficiency of such a language, the
CPU time required by the procedure was always acceptable.

6 Data distribution and examples

We now apply the results of this paper to the analysis of the data in Tables 1 and 2.
The hvper inverse Wishart distribution is conjugate for the model and, for G =
(V. V). if the prior distribution of 3V is HIW¢(d, DY) and a random sample X of size
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1 has been observed then the posterior is HIWg(0+n, (D+S)”), where S = nY. For
G decomposable, the density of the marginal distribution of the data was given by
Dawid and Lauritzen, (1993, equation (45)) and, by using (8) this can be generalised
to the non-decomposable case as

ha (6, DY) Iss(D)W;%[DM—Z)/‘Z

1 11
hedS + 1. (D + S)V HIss(D + S)yy[2|(D + S)|a+n=2)12 (1)

G) — (ZW)#W)/Q

w(

where D and (D + S) are the PD-completions of DY and (D + S)Y respectively.

Both Tables 1 and 2 involve four variables. The set of all models for 4 variables
is made up of 64 elements {Gy,...,Ge4}, three of which non-decomposable. Here
we use the marginal likelihood L(G;) = u(x|G;) to derive the posterior distribution
Pr(G;|x) as well as to compute the Bayes factor A(Gy, G;) = L(G;)/L(G;) between
competing models G; and Gj.

For our analysis we assumed the prior distribution for the models to be constant,
Pr(G,) = 647" for i = 1,....64, so that Pr(G;|z) L(G,). For either set of data, as
hyperparameters of the prior distribution for YWV we set D =1 and § = 3.

For the data in Table 1, Figure 4 shows the four models with the highest posterior
probabilities. As expected, the graph of to the most probable model is a chordless
four-cvele. Of main interest, however, is the strength with which this model is sup-
ported by the data: the Bayes factor against any of the remaining models is larger
than 500. It is worth noticing that a model search restricted to the subset of decom-
posable models would have missed this important relation.

Figure 4 about here

Also for the Fisher’s iris data the model with highest posterior probability is
non-decomposable. In this case, however, several models have rather close posterior
probabilities. In Figure 5 we give the sixteen most probable models; they represent
the 25% of all possible models and the sum of their probabilities is 0.987. Note that
also model number 11 is non-decomposable.

Figure 5 about here

7 Discussion

The main contribution of this paper concerns two distributions: the generalisation
of the hvper inverse Wishart and the importance sampler. Nevertheless, it is worth
pointing out the importance of the theory of T-completion for the development of all
the material here presented. In fact, we deem that it might provide a tool with more
seneral applications in the theory of non-decomposable Gaussian graphical models.
We conclude by noting that the assumption, here empirically proved, that hg (8, DY)

is not a function of D substantially reduce the number of constants to be numerically
evaluated in a model search procedure. For example, in the application in Section
6 the three non-decomposable models on four variables are all chordless cycles so
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that. given &. hg(-) has the same value for all of them. An analysis of all models for
five variables would just require the evaluation of the constant for five graphs: the
chordless four-cycle plus four prime graphs on five vertices.

Acknowledgements: The Author wishes to thank Prof. Steffen Lauritzen for useful
suggestions. We have used the free software R for calculations.

Appendix

A Cholesky decomposition of a concentration ma-
trix

In stochastic simulation, when a positive definite matrix K has to be generated the
Cholesky decomposition K = ®'® is widely used because the elements of & are
variation independent. However, the variation independence property is not retained
when. for an undirected graph G = (V, V), K is restrict to belong to M (G). Here
we consider i € M*(G) and partition ® into (@Y, ®¥) so that ¢ is the T-completion
of OV defined is Section 2.2. In our approach, we assume that the elements of @V,
hereafter referred to as the free entries of @, are variation independent, oY € M(G),
an show that the fixed entries ® of ® are uniquely identified by the constraint OTP e
M*H(G). As a consequence, the transformation ®Y — K, i.e. the transformation
hetween the free entries of @ and the nonzero entries of K = ®'®, defines a bijective
mapping between M (G) and M*(G). The material presented in this appendix is
concerned with this transformation and is mainly technical. We show how the T'-
completion of ®” can be used to deal efficiently with the parameter space of an
arbitrary Gaussian graphical model, describe the local computation property of 7-
completion operations and finally, provide the Jacobian of the inverse transformation
N — oV,

We first describe the procedure for computing the T-completion ® from the
incomplete matrix ®V € M*(G), where G = (V, V) is an arbitrary undirected graph.
In this wayv the existence and uniqueness of @ are also shown.

Assume first @ € M and let K = ®T®. Because of the triangular form of @, for
any (r.s) € W

r

Rpg = Z Gir Dis (Al)

=1

so that ,, is not a function of any ¢;; with either ¢ > r or j > s and we can write
Kpg = "{77'15'(@{7"]{5]): (AZ)

where we recall that @y = @1, 11,081



Consider now ®¥ € M?(G) and let (r,5) € V, so that ¢,, is one of the specified
entries of ®Y; i.e. one of the fixed entries of ¢ to be identified under the constraint
®Td = K € M*(G). Since in this case k., = 0, by (Al) we have

0 forr =1

(/)r.s' - (AB)
_f‘ Sl by for > 1

In (A3). o, is written as a function of both the free elements (I)E'J{S] and the fixed
elements (I)R'fl]{s]' Hence, if we order the specified entries of ®¥ according to the
rows of Y. then ¢, is not a function of any of the other fixed elements following
it in this sequence. Consequently, by following this ordering, (A3) can be used to
recursively compute the T-completion of ®”. More precisely, the fixed elements ¢
with » = 1 are all zero and occupy the very first positions in the sequence. Thus,
the first element of the sequence with r > 1, say ¢, is a function of @{}r]{s]' Such
a function, ¢, = q’),,s((f[)’{’r]{s}), is well defined because ¢, > 0 for all ®¥ € MI(G).
Similarly. the next element of the sequence, say @;;, is a well defined function possibly
involving (_:9,~§.<(I)K,] {S}), of (I)\{)ﬂ 4] and so on. We can conclude that every fixed element

o, 1s uniquely identified as a function of @}’7,]{5} so that

Dprits) = Pttt (o) (Ad)
is a one-to-one function available in closed form and, forr =s=7p
P = o(dY) (A5)

is well defined for all ®¥ € M2(G) and identifies the unique T-completion of @Y.

Ervample 5. For the graph G in Figure 1, the T-completion of ®¥ € M7 (G) is

o P12 0 ‘(/514’
012014
(I)((I)V> — O @22 D23 ¢22
0 0 @33 P34
0 0 0 Pa4

]

The procedure ®¥ — ®(®Y) — &'® provides an efficient way for generating
clements from the set M *(G): an incomplete matrix ®Y can be easily constructed
since its elements are variation independent and the recursive computation of O(PY)
is efficient because the elements in the same row of ®¥ can be computed in parallel.
It should also be noticed that the determinant of K can be directly computed from
OV, | K| = [T"—, ¢2., and the trace from @, tr(K) = 37_, S ¢7,.

Given K € M7T(G) the matrix @ defined by K = @'® is uniquely identified.
Nevertheless, it depends on the permutation of the indices 1/; that is on the permuta-
tion of the rows and columns of K. This has also an influence on the functional form
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of (A5) and a different vertex ordering may bring to an efficiency improvement in its
computation. Wermuth (1980) showed that when G is decomposable, taking a vertex
ordering that follows a perfect vertex elimination scheme for G implies ®Y =0 for all
K € MT(G). She also showed that this cannot be generalised to non-decomposable
graphs (see also Paulsen et al., 1989 and Roverato, 2000). Nevertheless, Wermuth’s
(1980) result can be exploited to show the following.

Proposition 1 For G = (V,V) let & be the T-completion of Y e MIG). If
G* = (1,V*) is a decomposable graph with ¥V C V* and such that the vertices V
are enumerated along a perfect sequence of prime components of G*, then V" = 0.

Proof. Wermuth (1980) showed that ®° = 0 for all ® such that ®'® € M*(G")
and the result follows because MT(G) C M*(G*). O

An important property for the analysis of graphical models is that of model
collapsibility (Asmussen and Edwards, 1983; Wermuth, 1989). It is strictly related
with the collapsibility of G and allows to compute several statistical quantities locally
on marginal models. We show now that the T-completion of ®Y only requires to
consider the incomplete prime components of G and that these can be computed
locally and in parallel.

We first show that collapsibility of G implies that 7T-completion can be performed
locally on different row-blocks of the incomplete matrix.

Proposition 2 For G = (1,V) let ® be the T-completion of ®¥ € MJG). If G is
collupsible onto B = {b,b+1,...,p} and A =V\B, then

(i) ® .1+ is a one-to-one function of G
(ii) Opp is the T-completion of ®hp = PFp with respect to Gp.

Proof. (i) is always true. In fact, by putting @ = b — 1 we can write Qav = Ppoygp
so that by (Ad) @y = (I’{a]{p}(q)]{)a}{p}) is a one-to-one function. We now show
(ii). It is always true that @Y%, = @55 € M*(Gp). If G is collapsible onto B then
Kppa € M1 (Gp) and the result follows because Kppla = Ly Ppp; see also (A10)
helow. O

Considerer now ®¥ € MZ(G) where G = (V. V) is an arbitrary undirected graph
such that the vertices 1~ are ordered along a perfect sequence (P, ..., P) of prime
components of G. In this case the decomposable fill-in augmented graph G* = (V, V")
obtained by completing the prime components of G, that is (r,s) € V* if either
(r.s) e Vor {r.s} € P, for some j = 1,....k, satisfies the conditions of Proposition
1. Hence. the T-completion ® of Y can be partitioned into (Y. ®¥") whith PV =0
whereas ®¥ is made up of the row-blocks

Ppipy (Prory Pross)- - (Prory Prysy)- (A6)
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It follows that, in order to obtain the T-completion of ® it is sufficient to derive the
unspecified entries of the submatrices

P S &) Cr,r; Pr;s; "
(1)[)l P 'dnd./ fOI‘ ] = 2, . .,:If, (DP]‘ P; - O ‘ (I)S} S} (A?)

which are incomplete only if the corresponding prime components are incomplete. It
can also be checked that, because of the zero structure of @,

Ppyp, Prip = Spip, (A8)
and, for j = 2... .k,
O p 0 Opr, Prs, | _ o«
< (I)‘S.;Rj ' 0 - ZPJPJ (A9)

where dots denote submatrices which need not to be specified explicitly (see also
Roverato., 2000, equations (14) and (15)). We can now give the main result of this
appendix.

Theorem 1 For G = (V, V) let & be the T-completion of ¥ € M2(G). If the vertices
V" are enumerated along a perfect sequence of prime components (P, ..., Py) of G,
then for every incomplete prime component P; of G, the submatriz ®p p, of ® is the
T-completion of (I)?f,)/ with respect to Gp,. All the remaining unspecified elements of

OV ure zero.

Proof. We have shown above that under the conditions of the theorem, the T-
completion of ®¥ only requires to consider the unspecified entries of the submatrices
®p'p, where Pj s an incomplete prime component of GG. Thus, we have to show that

the submatrix ®p p of ® is the T-completion of (I)Zjl?, € M(Gp,) forj=1,... k.

Counsider first j = k. Since Gy, = G is collapsible onto G'y, ,, we can apply
Proposition 2 with A = R, and B = Hj_, to obtain that (Pp g, Pr,s,) is a one-to-
one function of (Pp, g, Pr,s, ) *. If Py is complete such a function is trivial, otherwise
it is given by (A4) and, since Sy is complete, by (A7) is the T-completion of @7;:1%'
By Proposition 2. ®y, g, , is the T-completion of <I>Z£:f,{k_l € M(Gpy,_,) and the
result for j = 1....,k — 1 follows by recursive application of the the same procedure.
d

Throughout this paper K = %71 is the canonical parameter of Xy ~ N(0,3).
The following statistical interpretation of ® was given by Wermuth (1980); see also
Massam and Neher (1997) and Roverato. (2000).

Assume B = {b.b+ 1,...,p} and let 4 = V\B so that the pair (4, B) is a
partition of V. The triangular matrix ® can be partitioned accordingly

K- ¢l O Paa Pas
- $pa (I)EB 0 Drp
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and. bv applving the rules for the inverse of a partitioned matrix it is straightforward
to check that the two row-blocks ® 4y = (P44, Pap) and P pp are one-to-one functions
of the parameters (I 4, ¥ 44p) and Xpp of X 4| Xp and Xp respectively

DL Pas = (ZAA\B)i]
~0,5Psp = Tas (A10)
CppPsr = Ypp

Hence a consequence of Proposition 2 is as follows.

Corollary 3 IfG = (V, V) is collapsible onto B = {b,b+1,...,p} and dTe=%"1¢
MY (G). then (T 4, Eaas) is a one-to-one function of @4\ and Xgp is a one-to-one
function of ®5 4.

We close this appendix by computing the Jacobian of the transformation K — i34
which is used both in the proof of Theorem 1 and in Section 5.

Proposition 3 For ® € M (G), where G = (V,V), let K = ®(Y) (V). The

Jucobian of the inverse transformation K — X4

J(K — ®Y) =27 H prith,

1=

Proof. By applving (A4) ro (A2) we obtain ks = K, 5(@’{1]{ 1), so that whenever either
/> orj > s we have ]/ k;¢ = 0. Thus, if we take the distinct nonzero elements
of I ordered auoxdmg to the rows of K, and similarly for the elements of ®¥, the
Jacobian matrix J = )b\* 9K is triangular and its determinant is the product of the
diagonal elements

d
7= 11 o (A11)

(r,8)eV

By (A1) for all (r,s) € V we can write ks = T Girdis + Orrdys where, when r =1
the expression involving Y./~ must be considered zero. By (A4) none of the terms
of the sum Z;’;f Gir s is a function of ¢, so that %Q:K/T.S = (1¢ é,r(bm For r = s
this derivative is l;(bl, Kpp = 260, while for r < s with (r,s) € V it is ¢ —Lfire = Ppy.
By noticing that such derivatives only depend on the row position of /ﬁm, and the zth
row of ®Y has exactly v; + 1 specified elements, it follows that [J| = 27 1@5’““

the proof is complete. D

B Proof of Lemma 1

(ii) and (iii) are equivalent because, by (A10), Kppja = (I)EB(I’BBv Kup = q)XA‘I)AB
and Ky = @, ®44. Hence, only (i) and (iii) need to be proved.
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We first consider (iii). By Proposition 2, (D4, Pap) = P4y is independent of
Opp if and onlv if &%, 1L ,. To prove the independence of @4y and Ppp it is
therefore sufficient to show that the density function of the distribution induced on

OV by L factorises as
f(q)v|(5a T)= .fl:xv(@fx\fm T) x fBB((I)gBl(Sa Tsp) (B1)

where 7 is defined by Q =T T.
The density function (B1) can be derived by replacing K by ®'® in (6) and
multiplving it by the Jacobian in Proposition 3 and has form

14 1

f((I)V}(S?T) x (H 0 2) exp {—1 tr {<I>T<I)(TTT)41H H 05';;“7 (B2)

r=1 r=1

where T is defined by @ = 77T Recall that |K| = [T}, ®Z,.

Let SS(A/) denote the sum of squares of the entries of a matrix M so that if M
is upper triangular SS(M) = tr(MTM). By noticing that both 77" and ®T~" are
upper triangular and that (@7 1) 4y = @4 T~" and (T 1) pp = PppTsp, we can

write

w{eTe(r'T)} = w(eTerT T)

= SS(ParT™Y) + tr{(PpsTsh) (PusTsp)}

(
{(
= SS(@ ﬂ ) -+ SS((I)BBTBB)
(
= SS((I) wi ) + tr {CDBB(I)BB(TBBTBB) } . (BB)

By using (B3) in (B2). f(®Y]6, T), can be factorised as in (B1) with

b—1
f;;\'((I)K\v'(S, T) X (H @?:2> exp {——SS (I)A\ } H (D'/'Jrl

\r=1
and
. L 1
frp(®5 510, Tpp) x (H Cb:fZ) exp [-—5 tr {<DBB(I>BB(TBBTBB }} H gt (B4)
r=b
where @4+ = ®.4y-(®Y,-) and ®pp = Ppp(PEy) by Proposition 2. We have thus

shown the independence ® 4y and Ppp.
Consider now (i). Because of the zero structure of K, the support of the distribu-

tion of Npp yis M7 (G p) (Whittaker, 1990, p. 397) whereas its density function can be
derived by considering the transformation K BBi A= Ppp(PEy) <I>BB(<I>Z;B) where the
distribution of (I)%B has density (B4). Since <I>BB<I>BB = Kpp4 and TBBTBB = B4,
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we have that [[P_, ¢2,% = ‘KBB,A|(5’2)/2 and [T, ¢%t! = J(Kppa — ®5z) by
Proposition 3. Consequently the distribution of Kppj4 has density

- . (~-__‘ ks 1 T
ey (Nppiald, @ppla) |Kppalt 2472 exp —§tF{KBB|A(QBB|A) l}} (B5)

and this establishes (i).
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Figure 1: Chordless four-cycle.

Table 1: Summary statistics about four psychological variables for 684 students.
Variances (main diagonal), covariances (lower triangle), partial correlations given the
other two variables (upper triangle).

S.anx S.ang T.anx T. ang

State anxiety 37.21 0.45 0.47 -0.04

State anger 2493 44.89 0.03 0.32
Trait anxiety 21.48 17.89  32.26 0.32
Trait anger 15.63 22.01  18.29  43.16



Table 2: Fisher’s iris data. Summary statistics about four variables for 50 flowers
from iris-Virginica species. Variances (main diagonal), covariances (lower triangle),
partial correlations given the other two variables (upper triangle).

SL SW PL PW

Sepal length 0.396 0.269  0.838 -0.125

Sepal width 0.092 0.102 -0.076 0.484
Petal length 0.297 0.070  0.298  0.180
Petal width 0.048 0.047 0.048 0.074

TR ()
) L
(O O (

(a) (b)

Figure 2: Non-decomposable graphs and their triangulations. Dashed lines: fill-in

edges.



Table 3: Estimated log{hq(d, DY)} for the graph in Figure 2
LA: Laplace approximation. [: identity matrix. D; fori=1,..
positive definite matrices.

(a) (16 parameters).

., 4: randomly chosen

=3 s=5s=10]d=20]05=140

= 60 |

LA | -13.476 | -27.448 | -68.653 | -176.70 | -447.49

-759.98

I -18.444 | -29.530 | -69.513 | -177.10 | -447.68
D, || -18.446 | -29.529 | -69.511 | -177.10 | -447.68
D, || -18.443 | -29.531 | -69.514 | -177.10 | -447.68
Dy | -18.440 | -29.533 | -69.516 | -177.10 | -447.68
Dy |l -18.444 | -29.535 | -69.514 | -177.10 | -447.68

-760.11
-760.11
-760.11
-760.11
-760.11

Table 4: Estimated log{hg (5, DY)} for the graph in Figure 2

LA: Laplace approximation. [: identity matrix. D; fori=1,...

positive definite matrices.

(b) (13 parameters).
,4: randomly chosen

I 5=3 | 6=5|6=106=20|35=40

9 = 60

LA || -11.179 | -21.559 | -48.784 | -117.53 | -287.89

-483.84

I -16.360 | -23.887 | -49.783 | -118.00 | -288.12
D, | -16.372 | -23.905 | -49.793 | -118.00 | -288.12
D, || -16.397 | -23.897 | -49.804 | -118.01 | -288.12
D; || -16.387 | -23.915 | -49.794 | -118.01 | -288.12
Dy || -16.371 | -23.892 | -49.801 | -118.01 | -288.12

-483.99
-483.99
-483.99
-483.99
-483.99
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Figure 3: Convergence of the estimator of log{hs(3,I)} for the graphs in Figure 2
(a) and (bh). The envelope provides a 95% Monte Carlo confidence interval.
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S. anx S. ang

T. anx T. ang
0.997

N d X

1.9-107° 1.5-1073 2.2.10°6

Figure 4: Data in Table 1: Four most probable models.

SL SW
PL I i PW

0.147

[P N A

0.135 0.106 0.106 0.102

N X VT M

0.077 0.061 0.043 0.041 0.035

XML IN N T

0.030 0.011 0.008 0.006 0.002

Figure 5: Fisher’s iris data: Sixteen most probable models.
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