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1 Introduction
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Asit is-well known, standard rationality assumptlons on 1nd1v1dua1 behaviour
do not impose any significant structure on the aggregate excess demand of
general equilibrium models. As a result, properties of equilibrium such as
uniqueness and stability on Wthh comparative statics analysis rests are not
~warranted unless other plausible hypothesis are introduced into the model.
One of the mildest assumptions on the excess demand ensuring uniqueness
and weak asymptotic stability in regﬁlar economies is Wald’s Weak Axiom
(WWA). If we let Z: P — R" to be the excess demand function, n the
~ number of goods and P the set of strictly positive prices, the WWA amounts
to pseudo monotonicity of Z, Le. for all prices p and g

(g—p)-Z(p) <0 implies (g—p) Z(p) <O

This notes deal with conditions on the distribution of individual charac-
teristics, i.e. the distribution of endowments and demand behaviour, guar-
anteeing that the excess demand satisfies the WWA. This approach to the
problem of lack of structural properties of aggregate demand originated by




the contributions of Hildenbrand (1983) and Jerison (1982) and was further
developed by Hardle, Hildenbrand and Jerison (1991), Grandmont (1992),
Hildenbrand (1994), Marhuenda (1995), Quah (1997) and Jerison (1999).

To understand how assumptions of distributional type may ensure WWA
let us consider the decomposition of the Jacobian matrix of the excess demand
obtained by using the Slutsky equation, i.e.

0% (p) = S(p) — A(p) (1)

where S(p) is the average of the Slutsky matrices and A(p) is the average
of the income effect matrices. As shown by John (1995) and Brighi (2000),
for regular excess demand, WWA is characterized by the following first~order
condition:

wp=0vTZ(p) =0 implies vTOZ(p)v <0 (2)

Since under mild rationality assumptions S(p) is negative se-I;i-deﬁnite, it is
clear from (1) and (2) that WWA crucially depends on the income effects
terms and that a sufficient condition for WWA is

vip=2TZ(p) =0 implies vTA(Pv>0 (3)

To see how the distribution of individual characteristics affects the income
effect let us consider z,(p, A) = fo(p, P*wa+ ) —wg, 1.e. the excess demand of
agent a at price p when nominal income is increased by the positive amount
A If v = g~ pis a price change, then v?z,(p,\) is the change in the
expenditure needed by agent a to carry out the planned consumption at
the higher level of income. Moreover, 02(A) = E[vTz,(p, )) — vT'Z(p, \)]?,
where Z(p, A) = E|z.(p, A)] and E denotes expectation, is the variance of the
change in individual expenditure. '

Jerison (1999) proposed the following hypothesis of Nondecreasing Dis-
persion of Excess Demand (NDED)

vp=2vTZ(p) =0  implies ?(0) >0 (4)

and showed that NDED is a sufficient condition for (3) to hold, i.e. for WWA.
In this notes we discuss a few aspects of the hypothesis of NDED. Specif-
ically, in Section 2 we show, by means of some elementary examples, that
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NDED restricts the joint distribution of individual characteristics but it does
not place any constraints on the nature of individual consumption behav-
iour.?;i[ndeed, unlike other conditions found in the literature [see, for example
Freisas and Mas Colell (1987)], NDED does not restrict the shape of Engel
curves. Section 3 offers a new economic interpretation of NDED and, finally,

Section 4 provides a new condition for WWA.

2 NDED and Engel curves

NDED does not place any particular restrictions on the shape of Engel curves,
but it is just a condition on the joint distribution of individual characteristics.

~ We shall show this point by means of some numerical and graphical examples.

Let us consider a simple case with two goods and two agents. The utility
functions of the agents a and b are respectively uo(z,y) = min{z, 2y} and
up(z,y) = min{2z,y}. Accordingly, their demands are given by

2w w w 2w )
_ and ,W) =
fa(p: 'UJ) (2p1 + p27 2p1 + p2) fb(p ) (Pl + 2_?32’ fo51 + 2?2

Fig. 1a. Positive correlation.

Example 1. We shall consider first the case where the vectors of initial
endowments are we = (10,0) and wp = (0, 10). If Z(p) # 0 conditions (2) or
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(3) are trivially satisfied in the two goods case. Therefore, let us focus on
a price vector at which Z vanishes, e.g. p = (1, 1). This case is depicted in
Fig. 1a where the dashed line represents the budget line of each agent after

a generalized increase in income by the amount )\ > 0. E, and E, are the
Engel curves of the two agents.
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Fig. 1b. Violation of NDED

Fig. 1b translates the above example in terms of excess demand and shows
that NDED is violated. Indeed, the black dots are closer to the origin than
the starting vectors of the excess demand and this means that the variance

o?(X) is decreasing. It is not difficult to see that the excess demand does not
satisfy WWA.

Example 2. Now consider the case where the vectors of initial endowments
of the two agents are interchanged, i.e. w, = (0,10) and w; = (10,0). The
marginal distribution of w and f are the same as before, but the joint dis-
tribution is different. This case is shown in Fig. 2a. Fig. 2b shows that the
-dispersion of excess demand is increasing so that NDED holds. We notice
that the individual characteristics are the same as in Example 1, except for

their joint distribution. Examples 1 and 2 thus show that NDED does not
depend on the particular shape of the Engel curves.
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Fig. 2a. Negative correlation.

3 A further economic interpretation of NDED

- - dis

In this section we suggest a further interpretation of the hypothesis of NDED.
Roughly speaking, NDED amounts to requiring that, after a generalized
increase in income, the ‘distributive’ effects induced by a price change are

larger.

In general, a price change has an impact on the ‘distribution of real
wealth’ among the population. Some consumers gain and other loose. As a
measure of these gains and losses let us take the compensating z'ncoa"ne (?hcmge.
More formally, let v = g—p be a price change at p. The comper.lsatmg income
change for agent a (according to Slutsky) is v z4(p), 1.e. the income change
that would allow the agent to buy exactly the old bundle of Tgoods at t?e new
prices ¢. Indeed, by budget identity and g = p+v, we have g7 z.(p) = v" 22(p).

Keep p and v fixed and, to simplify notation, let us set

b, = —vT 2,(p) (5)

The amount of nominal income b, measures the ‘real benefits’ for ageni a
induced by the price change v. For instance, a negativ.e‘valye of b, means
that v7 z,(p) is positive, so that agent a would need a positive 1ncon"1e transfer
in order to restore the initial wealth. Thus, as a'result of t.l}g price change

the agent.a would experience a loss in real wealth.
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za(P)
PFig. 2. NDED holds. ™.

The gains and losses imposed by the price change on the population of
consumers, i.e. the distributive effects of the price cha.hge, are described by
by, @ € A. How large are the distributive effects of a price change? As a
measure of these effects we take the variance of b, i.e. o? = E[b, — b]?, where
b= E(b,).

Let us consider how these distributive effects vary as all consumers get

wealthier. The excess demand of agent ¢ when income is increased by the
amount A > 0 is

Za(P: )‘) = fa(p:pTWa + A) == We

Similarly, we define the benefits for the wealthier agent a induced by the price
change v as b,(\) = —vTz,(p, A). [Recall that —b,()) is the the compensating
income change, iPdeed g za(p, X) = X = by(A).] The variance of b,(}) is
0% = E[by(\) — b(X)] where b(A) = Eby()\). Clearly, o?()) is exactly the
dispersion of excess demand.

We notice that E(b,) = —v''Z(p), therefore if v and Z(p) are orthogonal
the price change is ‘redistributive’, in the sense that the gains are exactly
compensated by the losses, or b =0

NDED can be interpreted as an hypothesis on the behaviour of the dis-

tributive effects induced by a price change. The hypothesis of NDED requires
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that the effects on the distribution of real wealth induced by a ‘redistribu-
tive] price change get larger as the income of all the agents increases, i.e.
o2(X) — o2(0) > 0 for all A > 0 close to zero.
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4 Anothef condition_for WWA

In this section we propose another hypothesis guaranteeing that (3) holds.
The hypothesis of NDED refers to the behaviour of individual excess demand
in response to a generalized increase in income. On the other hand, the
following hypothesis is concerned with consumers behaviour in response to
specific income redistributions. The following hypothesis is also suggested by
the analysis of NDED developed in Sections 2 and 3.

Let us consider Example 2, where NDED holds and so does (3). From
Fig. 2a it is easily seen that by < 0 and by > 0. Therefore, the price change
» would induce a loss for agent o and a gain for agent b. Let us suppose
that the hypothetical gains and losses are actually distributed to the agents.
The budget line of agent b shifts upward and that of agent a inward as
shown in Fig. 3. The new demanded bundles are respectively wa(p, by) =
Falp, P we + ba) and @p(p, by) = folps pfw, + by). The aggregate (average)
demand will be &(p,ba,b) = Elpi(ps b;)] and the aggregate endowments
o= E(w;), i =a,b. Ascan be seen from Fig. 3 the aggregate excess demand
Z(p, ba, by) = (D, ba, b)) — @ and the excess demand of agent b, z(p,by) =

ou(p, by) — wp, point In the same direction and the sign of vT Z(p, ba, by) is

the same as the sign of v7z(p, by). Loosely speaking, after the hypothetical
income redistribution, the change of excess demand is driven by the people

who gain.

Let us formulate the above hypothesis in more general terms. We shall -

consider the beahviour of consumers in response to hypothetical redistrib-
utions of income. Specifically, we shall consider only potential redistribu-
tions induced by a price change; recall that, only price changes v such that

+TZ(p) = 0 induce an income redistribution.

7
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Fig. 3 The RH hypothesis.

Let us suppose then that the generic agent a receives the income transfer
tb,, where ¢ > 0. [As we have seen in Sec. 3, b, measures the gain or the loss

for agent a that would be induced by the price change v at p.] In the new
situation the excess demand of agent a is given by

zﬂ(pa t) = fa(Pvawa. + tba) — Wy

The aggregate (average) excess demand bundle corresponding to the pattern
of gains and losses tb, is given by

Z(p,t) = Elza(p, 1)]

The group of agents that would gain from the price change v will be
denoted by Ay, ie. Ay ={a € A; by, > 0}. Their (average)_excess demand
under the hypothesis that they experience the income change ¢b, is

Z,(p,t) = Elz.(p, t)|A4]

Now we are ready to introduce the following hypothesis.

e RH: If v is a redistributive price change at p, i.e v7 Z(p) = 0, then

sign [v* Z(p, 1)) = sign [v" Z1.(p, 1)]

The final result of these notes is the following

T}iﬂeorem. Let 7 be a regular excess demand. If RH holds then Z satisfies
 WWA.

Proof. By definition, for ¢ sufficiently small, we have T Z(p,t) = —Elba|Ay] <
0. Therefore, RH implies v7 Z(p, t) < 0. Since v* Z(p) = 0, for ¢ > 0 we have

1
v [2(p, 1) — Z(@)) < 0
and taking the limit as ¢ goes to zero yields
1
. T -l .
0 = o {disto) - 2001}
= {Ehm “{falp, pFwa + tha) — fa(p,pTwa)]}

= T {Ema )b}
5 = T {Em.0)zp) 1} v
= —vT A(phv

Thus v A(p)v > 0 and (3) holds. Q.E.D.
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