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Abstract

The distribution of a general gaussian stochastic matrix may not always
be characterized as the distribution of an appropriate linear transformation
of the standard gaussian stochastic matrix. This happens only for special

o covariance structures. In this paper an extension for possible transformations
is proposed in order to make previous result suitable also for different
covariance patterns. Through that transformation, the evaluation of the
(approximate) distribution of matrix quadratic forms may be simplified. An
application of previous result is proposed for matrix quadratic forms arising
in MANOVA for a multivariate split-plot design with circular dependence
structure.

Key words and phrases: matrix guadratic form, Wishart distribution, mul-
tivariate Satterthwaite’s approximation, multivariate split-plot model, dihe-
dral block symmetry covariance model.

1. | Introduction

The aim of this paper is to describe an alternative approach to evaluation of the distribu-
tion of a matrix quadratic form; this approach consists of the multivariate generalization
of a well-known univariate result: any gaussian stochastic vector, Yy ~ Np(p, X), can be
obtained as a linear transformation of the standardized gaussian vector, z ~ N0, L)
Through the transformation y = (BY2Yz + p (where (AY 2y AM? = A):

L(y) = LUz + 1), - 1)

where £{-) = L(+) denotes equality of the probability distribution.
if, instead of a stochastic vector ¥, a stochastic matrix Y pxp 18 examined, the distri-
bution of Y may not always be characterized as the distribution of an appropriate linear




transformation of Z, where vec(Z) ~ AN,(0, I,;); namely,
L(Y)=L(AZB + &), | 2)
for nonstochastic Ay, Bpx, and ®,,, matrices, holds only if
Covin(Y) = By = Qpxn ® ¥prp; (3)

in other words, decomposition (2) may be realized only for special covariance pattern
among elements of Y. Here

Covi(Y') = Covy[vec(Y”)] = E[vec(Y ") vec'(Y")] — E[vec(Y")] E[vec'(Y")].

Our purpose is to suggest a generalization of decomposition (2) which may hold also
for less restricted covariance patterns. That decomposition might be used to evaluate
the (approximate) distribution of matrix quadratic forms, Y’ MY, arising in MANOVA
models. In section 2 a coincise review of possible approaches to evaluation of the distri-
bution of matrix quadratic forms is presented. The approach here proposed is illustrated
in section 3 and in section 4 that method is applied to a MANOVA model. In section 5
concluding remarks are presented.

2. Different approaches in statistical literature

A wide and important section in statistical literature deals with necessary and sufficient
conditions for the matrix quadratic form Y'MY to be Wishart distributed. Among ear-
lier works, Khatri (1977) presents conditions allowing the distribution of that quadratic
form to be expressed as a weighted sum of independent Wishart distributions for the
special case Covy(Y) = £y = Q@ ® ¥. The generalization to a more general covari-
ance structure is proposed by Thomas (1983), a paper which is not often cited in the
following literature; the problem treated arises in the context of a multivariate repeated
measures design and the author proposes a necessary and sufficient condition in order to
assess independence between two matrix quadratic forms and a sufficient condition for
the quadratic form to be Wishart distributed. This paper is afterwards studied by Boik
(1988} who proved that the sufficient condition introduced by Thomas is also a necessary
one. Meanwhile, Pavur (1987) proposes the same condition proving both necessity and
sufficiency. This result is motivated by a typical application to design of experiments
(MANOVA) and, maybe, this is the reason why the following literature usually refers to
this work instead of Thomas and Boik ones.

In a more general context, Mathew (1989) obtains conditions for the multivariate
components of variance model to admit a MANOVA (partition of the sum of squares and
sum of products matrix into independent Wishart matrices).

Previous works, among other assumptions, require matrix M to be nonnegative defi-
nite and matrix Xy to be nonsingular. A collection of papers, Wong, Masaro and Wang
(1991), Wong and Wang (1993), Wang, Fu and Wong (1996) and Wang (1997), extends
previous necessary and sufficient condition to situations when those assumptions do not
hold (the first paper of this collection gives examples of interesting situations of that kind).

The conditions proposed in those papers, however, can be verified for specific values for
parameters of the tentative Wishart distribution. Conversely, Mathew and Nordstrom
(1997) propose usable conditions: if these conditions hold (and hence it is proved that
the quadratic form follows some Wishart distribution), parameters can be computed.

All these papers, however, do not give any help to solve the distribution problem once
it is kpwn that the quadratic form does not follow a Wishart distribution. Only in
section”s of Boik (1988) the author looks for a feasible solution for this situation. That
pa,pér giiggests to assume anyway, as an approximation, that the quadratic form follows
a Wishart distribution whose parameters are calculated by equating the true expected
value and trace of the covariance matrix of the quadratic form to their corresponding
expressions calculated for a Wishart matrix. The usual test functions for MANOVA
hypotheses are then approximately F distributed with a correction factor for the number
of degrees of freedom. No indications are however given in that paper about the accuracy
of the approximation suggested.

3. Decomposition for a stochastic matrix

Let us consider a stochastic matrix, Y, ,; each row follows a p-variate normal distribution
and rows are mutually correlated: | , .

EY)=® and Cov(Y) = By

Our purpose is to find out four nonstochastic matrices, Ay, A, B, and Bj, such

that

nXp NXTENXP PXP X NXPPXP nXxp

where, as in (2), Z is a stochastic matrix such that vec(Z') ~ Npp(0,1,;).

Since ‘
vec[(A1 ZB,;)] = vec(B,Z'A}) = (A; @ B}) vec(Z'),

it follows that

(A, @ BY) vec(Z') + (Ax ® Bj) vec{Z') + vec(®P)
(A, ®@ B)) + (A2 ® By)] vee(Z') + vec(®).  (5)

Vec[(A1ZB1 + AQZBQ -+ @)’]

Equality (5) proﬁres that
vec[(A1 ZB; + Ay ZB; + ®)’]

follows a np-variate gaussian distribution. In order to prove (4), we only have to prove
that four matrices A;, As, B, B, exist leading to coincidence of the moments for the
two np—variate normal distributions. Since equality

E[vec(Y")] = vec(®')] = E[vec(A1ZB, + A2 ZB; + ®)']

holds for every possible choice of matrices A;, A2, B:, Bj, we only have to assess
coincidence of the covariance structure:

COVm(Y) = COVm(Al.ZB]_ + AQZBQ) (6)




Usually, condition (6) does not suffice to single out univocally matrices A;, A,, B,
and B,, because the corresponding system has too many solutions. The problem can be
simplified by reducing the class of matrices A; and A, according to Xy structure (an
example will be presented in the next section).

Once decomposition (4) is evaluated, the distribution of the matrix quadratic form
Y'MY can be calculated as the distribution of

(A1231 + A, Z B, + ‘I’)’M (A1231 + Ay ZB, + @)
For useful applications, M @& = O and, hence,
LY'MY)=L(32, 52 B/ZAMA,ZB,). (7)

If the choice of matrices A; and A is done appropriately, elements of that double summa-
tion are independently Wishart distributed; multivariate Satterthwaite’s approximation
(Tan and Gupta (1983)), can then be used: according to this approximation, if

t
=3 = Wi(Bum), with Wi(Aym) L Wi(Ay,mi) for i
i=1

T

then
¢ ~ W.(A,m),

where

2
1 [det(SE_, A+ | D
A:_E:'A' - i=1 TieNe
m A and m { det(A*) }

for A* = K;[3 :—;—i(Az ® A;}] K, (the matrices K, and K, have the property that
det[ K (D @ D)K,] = [det(D)]"*! for any symmetric matrix D of order r x 7).

The main advantage of decomposition (4) consists of the possibility to express matrix
quadratic forms as a weighted sum of independent Wishart matrices and, hence, to the
possibility to apply multivariate Satterthwaite’s approximation, whose accuracy has been

studied by Khuri, Mathew and Nel (1994).

4. An application to a MANOVA model

The approach described in previous sections will be now illustrated for a multivariate
balanced split-plot design. Let us examine a split-plot design with two factors, A and
B, having, respectively, a and b levels. It is supposed that runs can be replicated into 7
randomized blocks composed by ab experimental units each.

Here

Yijrs i=1,2,...,n, j=1,2,...,8, k=1,2,...,b,

denotes the vector of the p response variables measured on an experimental unit in the
i-th block treated with the j-th level of factor A and the k-th level of factor B.
The model here assumed is

Yij = B+ Ti + a; + By + (aB) i + €41,

where p denotes the overall mean, 7; represents block 7 effect (it is assumed that 7; ~
N(0,Y), with E(1;7}) = O for every 1,5 =1,2,...,7, % £ s); o5, By, (aﬁ)jk. represe-nt,
respectively, the effect due to the j-th level of A, to the k-th level of B and the interaction
effect between them; those effects are measured as deviations from p.

Let

§

&Y = [y Yus- - Yue | Y121 Yz - Yraw | | Yrat Yraz - - - Yras]

s

ancil, in analogous way,
E =g enz--- €111 | €121 €122 - - - €125 | | €ra1 Era2 - - - Erab)-
A standard assumption for an equicorrelated split-plot model would be
Covm(E)ﬁI,.®Ia®[Ib®(V—W)—I—J;,'® W], (8)

where J, = 131} is a b x b matrix having all elements equal to one, V' and W are arbitrary

p X p matrices. . .
With assumption (8) all matrix quadratic forms involved in MANOVA for testing

presence of effects can be easily shown to satisfy necessary and sufficient conditions above
= mentioned and, hence, are independently«Wishart distributed.
A more interesting case may however arise when assumption (8) is weakened:

Covp(B) =, I, @ [J, ® A+ Q®T], (9)

where @, is a symmetric Toplitz matrix,

fm M M .- T TR
T T T2 .- T4 T
: )
Qa=" T TR (10)
™ M M .- Th TR
L2 M M4 ... T Thl

while A and T are arbitrary p x p matrices. Matrix @, without loss of generality® is

assumed to satisfy Q1, = 0.
The class of covariance matrices (9) is thus structured as follows

A+ml A+l
A+ A+nD

A+mIT A+l A+nl
A+nl A+mT A4+nT
Covi(BE) =1, 01, ® : ’ : :

A+?’]2F A+’I]3r A+T]4F A+T]2P A+?71F

1 Assumption Q1; = 0 does not reduce generality since A and T are totally unspecified matrices. If
we consider a @ matrix as in (10) such that Q1 = nl,, for some 7 #0,

T, @A+08T=J,®A+Q@T+7/bJy®T =J, @ (A+7/bT) +(Q —n/bJ:) ®T;

this is the desired structure because (@ — n/bJs)15 = 0.




The class of symmetrical Toplitz matrices (or regular symmetrical circulants) was exam-
ined, due to its link with circular dependence (Olkin and Press (1969)). Those matrices
have been aiready used in univariate frameworks (Eaton (1983), Gotway and Cressie
(1990), Khattree and Naik {1994)) in order to model situations when there is a spatial
circular layout of experimental units (e.g. observations are taken at equally spaced points
on a circle). That layout is very common both in agricultural and industrial contexts.

Assumption (9) is a special case of the dihedral block symmetry model (Perlman
(1987))}, which combines circular block symmetry,

Y Ys v,
! | I !
Covy, y_2 = Covp, 3{3 =...=Cou, ?{1 7
Yy 1) Vi1

where y,,k = 1,2,...,b, denotes a p—dimensional vector, with the requirement that

Cov(y,, yp) = Coviyw.yx) VK =1,2,...,b
E.g., in the case b==4 a covariance matrix satisfying dihedral block symmetry thus exhibits

the structure
o Y1 X, X

>N S S X
)3 S S 3
3N SN S )

Such a model describes symmetries present in the error structure of multivariate observa-
tions, e.g., on biological objects, on symmetrically arranged seismographs, etc. Remark
that Mathew and Nordstrém (1997) use this model as an example of situations when
Wishartness of a matrix quadratic form, Y'MY | is equivalent to x* distribution for
every scalar quadratic form of the matrix quadratic form, £Y' MY ¢.

When (9) is assumed, matrix quadratic forms associated to hypothesis test about
significance of effects 3, of factor B are no longer Wishart distributed (more precisely,
only assumption (8) leads to Wishartness: any generalization would leave the problem
unsolved). Let us apply the approach introduced in the previous section to find an ap-
proximate distribution.

Let Cg a b x g matrix: columns of Cjy consist of the coefficients of g contrasts of the
b levels of factor B. For example, if the hypothesis to be tested was

Hypy:B,=0 k=12,...,b
(complete comparison), Cs would be a b x (b — 1) matrix such that
CsCs=I, and CsCh=1I,—U,.
For a general hypothesis, Cj5 is a b X ¢ matrix such that

CyCs=1I, and C41,=0

T,

The matrix quadratic form associated to this hypothesis has the structure
SSCs =Y’ [U,®U,®C3C} Y. (11)

Our aim is to specify matrices A;, Ay, B; and B such that (4) holds; in this case it is
easy tq verify that a possible choice is

& A1=IT®IG,®\/BUIJ5
A =1,01.9 Q"

.81 - Al'lz,

: B, =T'?,

-
-

where (M) M'Y? = M. Observe that, under Hy(s), U, @ U,®CsCH]| E(Y) = O.
According to {11), then '

[A,ZB; + A, ZB,} [U, ® U, ® C3Cj) [A1ZB1 + A2 Z Bs))
[B\Z' A, + B,Z' A)} [U, ® U, ® CpCj] [A1 ZB1 + A:Z Bs))

L
L(]
([(AI/Z ZI ® Ia.® \/—Ub) P1/2) ZI( L ® a, Q1/2)] .

U, ®U, ® CsC5| [A1ZB, + A,ZB;))
- ((rlﬂ YZ'(I, ® I, ® Q1/2) U, ®U,® CsCh| [ALZB, + AQZBQ])
( T2y Z/(U, @ U, & QY2C5Cl)[ A ZB) + AQZBQ])
= £(CV 2 (U, o U.® Q2CsCH@Q7)) 2T'7?),

L(SSC})

where property C3U, = ;C31,1;, = O was used.
Being Z a stochastic matnx with independent rows, the simpler multivariate Cochran
theorem allows to say that

rab

7 [U,eU.Q"C;Cy(Q")] Z Zuss o(Ip, 1)

where u, are eigenvalues for [U,@U,Q"Y2C ,gC’;;(QU ?)!]. Exploiting standard properties
of Wishart distributions,

b
SSCs~ > A xWp(T, 1), (12)
k=1

where ) are eigenvalues for Q"/ 2C’gC};(Q1/ 2y,
Satterthwaite’s approximation can now be applied to (12):

oo (i )

In a similar way, the appropriate error sum of squares matrix could be proved to be
approximately distributed as

(B B)




5. Concluding remarks

Decomposition (4) here presented allows application of multivariate Satterthwaite’s ap-
proximation for situations when Y'MY is not exactly Wishart distributed. As it was
mentioned at the end of section 2, Boik (1988) did also propose an approximation for the
distribution of that quadratic form. No indications are however available about the ac-
curacy of his approximation (conversely, multivariate Satterthwaite’s approximation was
studied by Khuri, Mathew and Nel (1994)). Those two approaches give rise, in general,
to different approximating distributions. For the model presented in section 4, for ex-
ample, with multivariate Satterthwaite’s approximation, I' matrix affects only the scale
matrix of the Wishart distribution (and, hence, I' would not affect the distribution of
the test function at all). With Boik’s approximation, conversely, both I' and @ would
affect the number of degrees of freedom of the test function, making its application more
complicated.
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