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Abstract 
Can the substitution of workers by capitai cause long run unemployment? If so, under what 
conditions? This paper presents an endogenous growth mode! where capitai and labor 
produce two finai goods in two sectors, respectively named "advanced" and "mature". 
Investments in the advanced sector generate knowledge extemalities. The demand for 
workers increases with output in the advanced sector and fails in the mature productions, 
where inputs are gross substitutes. Trade leads to specialization. Countries speciaiizing in 
mature industries experience low growth and steady-state unemployment, while economies 
specializing in advanced productions have full employment and higher growth rates 
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l. lntroduction 

When do machines substitute workers in production? When does tbe extent of tbe 

substitution exceed tbe expansion of output, so tbat tbe demand for labor falls? Tbese issues 

bave been at tbe beart of tbe economie literature on long run unemployment at least since tbe 

publication of tbe Ricardo's Principles. Yet very few models, especially on economie 

growtb, dea! witb tbem explicitly. While a wide economie literature on eitber unemployment 

or growtb exists, tbere are few studies on tbe interactions between tbe two. Most models 

make specific assumptions on technology and the degree of substitutability of inputs, but 

their effects on tbe economy's long run employment levels and growtb rates are rarely 

investigated. 

Tuming now to tbe first question, it is not difficult to think that the mere possibility 

of substitution between factors in production may ultimately depend on tbe nature of tbe 

services supplied by tbe same factors. Capitai goods can execute simple or very complex 

tasks, but tbey ali sbare a common aspect: machines do not invent or innovate; ali tbey do bas 

been previously determined and programmed. In contrast, tbe distinctive cbaracter of buman 

labor is intelligence and intuition. It is tbe capacity to find new ways of achieving certain 

goals, of modif}ring tbem and inventing new ones; it is learning, adaptation and innovation. 

Hence, productions tbat depend on buman knowledge and ideas are also necessarily based on 

labor and buman capitai. An obvious example of intensive utilization of "buman" inputs is tbe 

R&D sector, but they are also necessary in otber sectors ofthe economy, wbere products and 

processes are often modified. Instead, the services of capitai and labor bave a substantially 

similar nature when tbe tasks tbey perform are completely standardized. There, at least in 

principi e, machines can replace workers. 

Many economie activities tbat in the past required a great dea! of buman labor bave 

now been mecbanized or automatized. Nowadays robots assemble cars, while forty years ago 
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they were constructed by buman beings working along tbe assembly line. Textiles and otber 

productions bad been mechanized in earlier times. Computers, software programs and 

printing machines are replacing many human activities in the services sector. Because of 

them, the demand for typists has now fallen to nearly zero, and more secretarial work is 

likely to be performed by computer machines in a very near future. 

Now, routine and repetition only imply tbat workers may be substituted by capitai in 

mature productions, not that they will necessarily be. The appropriate technologies must first 

be available in the market, then capitai costs must become relatively lower tban labor costs. 

More generally, as stated by Schumpeter (Schumpeter, 1934), after a wave oftechnological 

changes and innovation, the number of job vacancies tends to grow in the new sectors of the 

economy and fall in the mature industries. The "old" sectors may either close down 

production entirely or, when tbere is stili demand for tbeir products in the market, modifY 

and adapt their productive methods to the new environment. When mature industries 

restructure the production processes by choosing the new, labor-saving technologies, the 

absolute leve\ of tbe sectoral demand for workers may fall even in the presence of an 

expanding output. This comes to tbe second question above. We ali know from textbooks 

that substitution effects are stronger than income effects when inputs are gross substitutes. 

Less known and less explored by tbe literature are the conditions underlying gross 

substitutability in production and, principally, its implications for long run employment and 

growth. 

Recent growth tbeory bas associated positive long run growtb of tbe economy with 

some form of knowledge accumulation (Jones and Manuelli, 1997). Human capitai, leaming 

or innovation are tbe ultimate sources of growtb of many endogenous growtb models. In 

most of tbem, bowever, capitai and "human" inputs are gross complements in production; 

under norma! assumptions and perfect competition, this kind of interaction is generally 
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consistent with a positive correlation between the leve! of demand for labor and the leve! of 

output. 

In the writings ofPissarides (1990), Bean and Pissarides (1993), Aghion and Howitt 

(1994, 1998, ch.4), Mortensen and Pissarides (1998) both positive and negative interactions 

between employment and growth are considered. These authors offer a very effective 

representation of technological changes. Long run growth depends on innovation, which is a 

mixed force of "creative destruction". The introduction of new products in the economy 

creates new jobs and destroys old ones. Unemployment arises when the process is so rapid 

and pervasive that destructive effects prevail. Specifically, mostly it is assumed that labor is 

the only input and old sectors cl o se down production altogether. However, it may -be thought 

that the alternative hypothesis, of mature industries keeping on production and adopting 

capitai-intensive teclmiques, could also be consistent with the generai setting. 

This paper presents an endogenous growth mode! where two fina! goods are 

produced in two different sectors, respectively named "advanced" and "mature". Investment 

in the advanced sector generates knowledge extemalities that positively affect labor 

productivity within the same sector; there are no extemalities in the mature industry. Inputs 

are net substitutes in both productions. However, because of extemalities, labor services are 

of centrai importance in the advanced sector, while the output of the mature sector can be 

produced entirely with capitai. The mode! does not explain when or how these technologies 

have been adopted; it can be thought that it happened at a certain point of time in the past, 

after a generalized technological change. 

Intemational trade affects the long run employment levels and growth rates of 

countries. There is full employment in autarky. With trade, some countries specialize in the 

mature productions. As a consequence, they experience low rea! growth rates and long run 

unemployment. In contrast, countries producing the advanced goods have full employment 
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and higher growth rates. The paper is organized as follows. Section II. l presents the mode! 

and the autarkic equilibrium configurations. Section II.2 analyses the effects of intemational 

trade on employment and growth. Section m concludes. 

11. The model 

Il.I. Autarky 

Production Two fina! goods Y1 and Y2 are produced with constant elasticity of 

substitution technologies (CES) and two inputs, capitai, K, and labor, L. Capitai is produced 

in sector l, while the aggregate labor force, L, is constant. Production in sector 1 generates 

knowledge extemalities. Following Romer (1986) and Arrow (1962), it is assumed that 

knowledge creation is a side product of investment within the same sector. A finn that 

increases its capitalleams simultaneously how to produce more efficiently. This leaming by 

doing, or learning by investing, leads to a labor augmenting technology for finn i in sector 1. 

The productive technology of finn i in sector 1 is: 

(l) 

where A; is the index of knowledge available to the finn, and (J and u are, respectively, the 

proportions of K and L utilized in the production of good I. As knowledge accumulates as a 

consequence of each finn' s investment, an increase in the capitai stock of a finn producing in 

sector l leads to a para!! el increase in its stock of knowledge, A;. Each finn' s knowledge is a 

public good that any other finn within the sector can access at zero cost. Hence, the change 

in each finn' s technology term, A, , corresponds to the sector' s overall Iearning and is 

therefore proportional to the change in the capitai stock, K. In what follows it is assumed 

that A; ~ (JK; consequently, A; may be replaced by rjJK in equation (l), and the production 

function for finn i can be written as Yu = [(1/JKJ-v + (rfJKeuLJ-v[llv, with the tenn (JKe 

intended to capture the extemal effect of the stock of capitai within sector l. The tenn (AuL) 
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= ( tjJK.uL) is effective labor or "human capitai". Firms behave competitively and knowledge 

accumulation is entirely extemal; therefore, for given ifJK and uLb each finn faces diminishing 

retums to Ki. However, if each producer in the sector expands Ki> ifJK rises accordingly and 

provides a spillover benefit that raises the productivity of al! firms producing good l. 

In equilibrium al! firms make the same choices, hence the industry' s production 

function is: 

(l') 

In this economy, Ke = K, i. e. the extemal effect of investment on the productivity of 
~ 

L in sector 1 equals the capitai stock. Therefore, at the sector leve!, the production function 

of equation (l') is linear in K and increasing retums in both factors. 

Good 2 is produced with a CES technology with the same parameter v of sector l. 

Here, however, production does not generate knowledge extemalities and returns to scale 

are decreasing, both at the firm and the sectoral leve!. The sectoral production function, 

corresponding to the sum of many individua! and identica! productions functions, is: 

O< a< l (2) 

The value of the parameter a, representing the function' s degree of homogeneity is 

below unity. Since v is the same in the two sectors, the two productio_n functions have the 

same elasticity of substitution, corresponding to u = 11(1 +v). 

The two productive factors are good substitutes in both productions ofthe economy. 

Specifically, it is assumed that they are net substitutes; i.e. the value taken by u is above 

unity, u = J/(1+v) >l, and ~J<v<O. This concept of substitutability indicates that, fora given 

leve! of output, the quantities of each input utilized in productions change more than 

proportionately when their relative prices change. In other terms, a lower relative price of 

6 

capitai leads to a sensible fall in the number of workers employed to produce that given 

output. This measure of substitutability, however, says nothing about the sign of the total 

variation, i. e. on the quantity oflabor services utilized once the change in output, that follows 

the price variation, is considered. This fina! effect refers to the gross elasticity of 

substitution, which is the measure that lies behind the interactions taking piace between the 

uncompensated demand for labor, the accumulation of capita! and the growth of output. 

How are these two concepts, of net and gross elasticity of substitution, related? In a 

pioneering paper, Arrow et al. (1961) made clear that a value of the elasticity parameter 

higher than unity, u> l, is a sufficient condition for net substitutability. In that case, output 

can be entirely produced with one of the two inputs; the other, consequently, can be 

considered "inessential". Later, Dasgupta and Heal (1974) and Krautkramer (1986), analyzed 

the possibility of positive long run growth in the presence of exhaustible resources, when 

technologies are CES and u is above l. They evidenced that the productive share of the 

exhaustible, or "scarce", input tends to vanish with accumulation. Hence growth was 

feasible. The result was interesting but also puzzling: as the productive share of the scarce 

resource vanished, its marginai productivity and demand grew to infinity. 

On the contrary, when inputs are gross substitutes the absolute leve! of the demand 

for the scarce input, not just its share, decreases with output growth. The condition of gross 

substitution in production is: 

l l 
--=a->-­
l+v J~a 

(3) 

i. e. inputs are gross substitutes when the net elasticity of substitution, o; is higher than the 

reciproca! of one minus the function's degree ofhomogeneity. This inequality can be derived 

from the Hicks-Allen formulation ofthe (net) elasticity ofsubstitution (Chambers, 1988; Puu 
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1966). It holds only for values of a lower than unity. Hence, gross substitutability is ruled 

out for homogeneous functions of degree higher or equa! than l. 

The present economy is characterized by a value of O" that is above 1/(1--a). Hence, 

inputs are net substitutes in both sectors, but they are gross substitutes only in sector 2. A 

parallel condition for gross substitutahility corresponds to a negative sign of second order 

crossed derivatives in production. 
1 

These derivatives take a negative sign in the production of the mature good. They 

2v+l 

correspond to Y
2
LK = Y2KL = a(v+a) y2

• 1 <O. The sign is negative because 
[(1-u )L(I- ~)K fa 

(v+ a)< O, which, in turn, derives from inequality (3)2 Hence, the marginai productivity of 

labor is an inverse function of the capitai stock Also, labor can be defined as fully inessential 

for the production of good 2: both its productive share and its demand diminish as capitai 

accumulates' 

The same derivatives in the production of good l take a positive sign. As indicated 

also by inequality (3), inputs there are gross complements (see Appendix A). The productive 

technology of sector l, however, differs from usual case of inputs inessentiality. Inputs are 

inessential in CES functions with CY>l and constant returns to scale (Arrow et al., 1961), but 

1 Ihe Hicks-Allen elasticity of substitution may be written as O" 

where. y= f(x;,x} is the production function, subscripts of f( •) indicate partial derivatives and aSl is the 

degree of homogeneity With gross substitntion it must be that O" > 2 - ay f 2 ) • The latter 
(f"x; +2f"x;xj + jjxj 

inequality, which in the case ofhomogeneous functions corresponds to (3), is satisfied only for[y<O .. 

2 Subscripts denote the derivatives of sectoral output with respect to the inputs utilized in the same sector, 
hence lj; corresponds to the derivative ofthe ontput produced in sector i (i=l.2) with respect to the share of 

factor j (j=K.L) utilized in i. 
3 Variables with subscripts, as K and L, indicate partial derivatives, while total differentiation is indicated by 

d(•). 
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not in the present case, of increasing returns. More specifically, because of externalities, 

production in sector 1 is characterized by gross complementarity and by the constancy of the 

scarce input productive share. I t is easy to see that YnuLIY 1 has a constant value as K goes 

t o infinity. This means that the importance of the l ab or inputs in production do es no t dirninish 

with accumulation. 

In sum, increasing returns to scale (JRS) in sector 1, decreasing returns to scale (DRS) 

in sector 2 and competitive firms characterize the economy. It is well known in the literature 

on production and trade that econornies of this kind rnay have non-concave production 

possibilities frontiers (PPF) and inefficient equilibrium solutions. Most of the literature, 

however, focuses on output-generated externalities (Herberg and Kemp, 1069; Panagariya, 

1981; Helpman, 1984) while in this mode! of the economy externalities depend o n the stock 

of K and hence on a productive input. This leads to both input and output inefficiencies. In 

generai, there is output inefficiency when the market-determined equilibrium production rnix 

is sub-optimal; with optimality, a higher proportion of the IRS sector' s output would be 

produced. There is an input-inefficiency when, in addition, the inputs' rnix is sub-optimal: a 

redistribution of the two inputs across sectors would increase the overall production. In the 

present case, an increase in the proportion of K employed in sector l would increase total 

output. 

The shape of the PPF depends on the optimal allocation of factors across sectors, 

while relative prices and the market allocation of inputs are determined by the agents' 

calculations of marginai productivities. The market allocations of inputs are given by: 

(4) 
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The equation highlights some important features of the economy. In the first piace, 

factors' proportions are not constant but depend on the leve! ofthe capitai stock. However, 

except for the special case of ( tjJK) ~ l, sector 2 is more physical capitai intensive than sector 

l, while sector l is human capitai intensive. In the second piace, for any given value of K, tjJ 

. fu . f . R+ bi b 1-t/J 1-u IS a nct10n o u m . T s can e seen by rewriting equation (4) as -- = --K-v" or 
t/>111 u ' 

equivalently as r:t/J" + t/J-1 ~O, where O<r: = l-u K-v" < co. This firnction has a positive root u , 

with a value that increases with u ( u an d rfi positive an d lower t han urùty). Hence rjJ is a 

positive and monotone function of u in R+. 

Given perfect competition and the equalization of marginai productivities of inputs 

across sectors, Y1K ~ pY2K and Yn ~ pY2L, relative prices are: 

v 
-+1 

-1 aYl [(I -tjJ)K] a 
p = 

!.. l 
Y{ (tfJK t-;; 

(5) 

Now, as the derivation of the shape ofthe PPF includes the effects of extemalities, 

the marginai productivity of capitai in sector l is higher than in agents' calculations. Hence, 

the optimal allocation of resources across sectors is: 

(4 ') 

With a higher marginai productivity of capitai in sector l a higher proportion of the input 

goes to the production of good L Note that in the usual case of output-generated 

extemalities, equations (4) and (4') coincide. The slope ofthePPFis given by: 

lO 

(6) 

The second order conditions of efficient production show that the PPF is convex in 

the proximity of Y
1 
~ O (the 1RS commodity), it is concave in the proximity of Y2 ~ O (the 

DRS commodity) and has only one inflection point (see Appendix A). 

In most two-sector models with an IRS and a DRS sector and output-generated 

extemalities, equilibrium is given by a lack of tangency between the price li ne an d the P P F I t 

evidences the inefficiency of the outputs' mix but, since the inputs' mix is efficient, 

equilibrium is on the frontier (Helpman, 1984). The present mode! is characterized by both 

input' s an d output' s inefficiency, hence equilibrium, t o be specified after consumers' 

preferences are known, willlie below the efficient productive frontier. 

The equilibrium allocations of inputs that correspond to given stock of K lead to a 

whole sub-optimal productive possibilities frontier. It is depicted by equation ( 6) and in what 

follows will be denominated PPFrn., while PPFo will indicate the optimal frontier. Starting 

from any point of the PPF m, excepting Y1 ~ O, the leve! of total output can be improved by 

modifying the shares of inputs across sectors. Specifically, for any given value of u, a higher 

share of capitai, rjl, going to sector l increases the production of good l more than it 

decreases the production of good 2. Hence the PPFmmns below the optimal frontier, PPF0 • 

The shape ofthe efficient frontier is determined by re-writing equation (4') as t;tjJ" + 

rfi-1 = O, where O<?; 
1-u K-v" . . . . . ----< co_ Also m this case the function has a positive 

u 1+(uLr 

root that is a monotone function of u in R+, but now, for any given u, the coefficient ç; takes 

a lower value than the coefficient r: above; consequently, each value of the root is higher. In 
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other terms, the optimal value of rjJ, the share of the capitai stock going t o sector l, is higher 

than in the market-determined case (see Appendix B). When a higher value of rjJ is inserted in 

equation (6), the absolute value of dY2 diminishes. This implies that the shape ofthePPFo is 
dY, 

smoother than the shape ofthe PPFm,- The two productive frontiers are depicted in Figure l. 

They meet at point Y1 = O, where extemalities have no effects, and reach the maximum 

distance a t Y2 = O. 

At equilibrium, the equalization between prices and the PPFm is given by: 

-I - [ yl ]-v dYz - [l ( .T)- v] dYz p -- - --- + UJJ -
~K d~ d~ 

(7) 

The term [I +(uL;-'} is higher than one; as a consequence the price line is steeper than 

the PPFm and the economy equilibrium is located at the right of the inflection point. The 

price line is also steeper than the PPF0 • The economy's equilibrium position is depicted in 

Figure l. 

Physical capitai is produced in industry l, i.e. good l can be indifferently used for 

consumption or for capitai accumulation: 

• (8) 

Investment is irreversible, K> O, K(O)>O. C1 is the consumption of good 1
4 

To 

simplifY matters, it is assumed no capitai depreciation. Capitai goods are used to produce 

physical capitai and both final goods. 

• 
4 The dot notation is used for the lime derivative, so K t = dK t l dt . Time subscripts are omitted in the 

text. 
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The supply of labor coincides with the labor force, except for very low levels of the 

wage rate, where it becomes perfectly elastic. More specifically, it is assumed that above a 

certain threshold, workers experience no labor disutility. The negative amount of utility may 

be thought of as a fixed cost of working, related, for example, to commuting. The reservation 

wage is just above zero. In what follows it will be designated by w. For any value ofw above 

:!f, the labor supply coincides with the labor force, for w = :!f, it is perfectly elastic, for w < :!f 

it is ni1.5 

Consumption Infinitely lived agents with the same utility function maximize the 

intertemporal consumption of goods l and 2: 

(9) 

C2 represents the consumption of good 2, and O<p<l is the rate of time preference. The 

instantaneous utility function is a Cobb Douglas: 

(9 ') 

At any given point of time, relative prices equa! marginai utili ti es: 

p= ul(cl,c2) = ]- j3 cl 
u2(cl,c2) j3 c2 

(10) 

5 
For the sake of simplicity we have omitted the specification of labor disutility. However, an instantaneous 

ntility function separable in consumption income and leìsure, with a coustant disutility of labor or utility of 

leìsure, easily leads to a reseiVation wage without modifying the model's main results. 
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Good l is the mtmeraire, so p = {1, p:/p1}. Solving for the consumption ratio, it 

follows that C 2 = 1- p p-' . Hence both goods will be produced. 
cl P 

Since v(CbC;} is homogenous ofdegree one, the corresponding expenditure function 

can be written as E = n(pbpJ)v, where 1r can be thought of as a cost of living index (it is 

formally the unit cost function for (5')). It follows that utility can be expressed as v = 

Eln(pbpJ), or expenditure deflated by the cost ofliving index. By substituting it in (9), the 

expression for utility becomes: 

In this economy, the representative consumer maximizes (9") subject to (8), with 

K(O) > O. This implies that the optimai growth rate for expenditure is solely a function ofthe 

interest rate and the rate of time preference: 

• 
E 
- = r-p 
E 

(Il) 

Equilibrium Given the above assumptions on utility and production, equilibrium is 

unique and li es in the concave section of the productive frontier. The équalization of demand 

and supply in the system corresponds to: ]-p c, = Y,K . Substituting cl by the capitai 
P c2 Y2K 

accumulation equation and dividing numerator and denominator of the LHS by K, the 

{1-p)Y,IK-yK 
p Y2 /K 

By substituting at the RHS the marginai expression becomes 

productivity of capitai in each sector, it is: 
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ljlx-xcr+p - M (1-rp)x~{l+[(l-u)L]-v} 
a (1-rp)K 

(12) 

x= [I+{uL)711v and M =P/(1-PJ. Since the RHS ofthe expression is necessarily positive, 

the LHS must also be positive. Therefore, the minimum value of u (strictly positive) satisfies 

this condition, and tjJ is deterrnined accordingly (see Appendix B). Hence, equilibrium exists. 

Regarding uniqueness, we already know that given KIL, parameters tjJ and u are positively 

and uniquely related. Furthermore, by simultaneously solving equations (12) and (4) it 

follows that, given KIL and the other parameters of the system, there is a unique couple of u 

and tjJ that satisfies both equations. Now, letting KIL vary, it is possible to see that, along the 

equilibrium configurations, to higher vaiues of KIL correspond higher values of u (up to the 

latter's limit vaiue of 1). No other simultaneous adjustment ofu, or tjJ, following an increase 

in K, can simultaneously satisty both equations. The positive correlation between u and K 

across equilibrium solutions is consistent with the positive value of the second order cross 

derivatives of production in sector l and the negative value of the same derivatives in sector 

2. In other terms, the equilibrium share of the labor force employed in sector l increases with 

the economy' s capitai stock. 

Dynamics. Equations (4) and (4') above evidenced that sectoral inputs' shares vary 

with the size ofthe capita! stock (or, equivaiently, withK/L). Initially, the generai form ofthe 

system' s dynarnic equilibrium solutions is deterrnined by taking the vaiues of these shares as 

given. Subsequently, the long run vaiues of the shares themselves are derived. Finally, the 

model's steady state solutions are fully specified. 

The two sectors' outputs growth rates can be deterrnined by differentiating with 

respect to time the two production functions. Equation (l') can be written as Y1 = 

15 



ljiK[I +(ul)"'/1
"". Its differentiation with respect to time shows that sectoral output and capitai 

. . 
grow at the same rate: Y1 IY1 = K l K . Instead, the differentiation of equation (2) evidences 

that the production of good 2 grows at a rate that is lower than the capitai rate of growth: 

Y
2

/Y2 = a{J+[(J-u)LI(J-Iji)Kr / K IK. For K-wo, the production of good 2 becomes a 

• 
constant fraction, Iowerthan one, ofthe capitai growth rate,Y2 IY2 = aKIK. 

The price time variation can be derived from the equilibrium conditions 

p= l- f3 C, = r;K . As above, the second term of the equality may be re-written as: 
f3 c2 Y2K 

• 
p=[(J-f3)/f3]x[(r;-KJIK]I(Y~). The growth rate of capitai is constant at the 

steady state; therefore ali terms at the numerator of the RHS are constant and the long run 

• 
rate of price variation is p! p= Kl K - Y,f Y2 • The complete specification of the growth rate 

of output in sector 2 shows that the relative price variation is a function of the capitai growth 

~ { a }K rate -= l -
' p 1+[(1-u}LI(J-Iji)K} v K' 

and that for K -w:J, it becomes a constant 

fraction, 1-a, of the capitai growth rate. 

Hence output in sector l grows at the capitai growth rate, output in sector 2 grows at 

a lower pace and the price variation equals the difference between the two. These growth 

rates can be specified in terms of the economy parameters only after specifYing the capitai 

growth rate. T o this end, !et us consider equation (11}, on the expenditure growth path. The 

real interest rate for loans denominated in capitai goods (or in good l), r], is different from 

that of good 2 denominated loans, r2. With perfect competition and constancy of the 

marginai productivity of capitai in the sector that produces capitai goods, equilibrium in the 

capitai market requires that r = r1, with r1 = Y,x. A standard arbitrage argument implies that 
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the interest rate for good 2 denominated loans in terms of good l is related to r1 by r 2 + p lp 

= r1 = [l+u[v] -ll•u_ In terms of good l, the rate of interest equals the marginai 

productivity of capitai in this sector; the substitution ofthe latter in equation (l l) leads to the 

equilibrium growth rate for expenditure, which is: 

• 
E = [l+uD71/vu -p 
E 

(13) 

Since capitai grows at a constant rate at the steady state, the two terms at the RHS of 

. 
equation (8) divided by K, K IK = Y,!K -CIK, must grow at the same rate. In other terms, 

investments and the consumption of good l vary at the same rate. At the same time, because 

of Cobb-Douglas preferences, the consumption and expenditure of good l grow at the same 

rate. Therefore, also capitai and expenditure grow at the same rate: K IK = C, Ì C1 = E /E 

-v l/va 
= [l+(uL) l -p. The growth rates of good 2 and prices are now easily determined, 

• • 
they are, respectively: Y2 IY2 and p/p = (1-a) KIK = (I-a) 

For given values of 11 these growth rates are constant and, gJVen the above 

assumption of O<p<l, they are also strictly positive. Hence output, consumption and capitai 

always grow at positive rates that can take any value between the lower bound, given by the 

minimum value of 11 in equation (12), which is strictly positive, (hence the Iowest feasible 

growth rate is higher than 1- p) and the upper bound corresponding to [l+L''/1
/vs - p 

(where u=J). 

Long run sectoral equilibrium inputs' shares can now be deterrnined. Equation ( 4) 

shows that, as the capitai stock expands, sector 2 becomes more and more capitai intensive 
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with respect to sector I. With the relative price of capitai decreasing, workers shift from 

sector 2, where the demand for their services falls, to sector l, where productivity and wages 

continuously increase. The process ends with the labor force being entirely employed in the 

production of good 1. At this point the mature good is produced only with physical capitai, 

while the "advanced" good is produced with physical and human capitai. This sectoral 

distribution of the productive inputs characterizes the steady state: u takes the value of l, 

while the long run equilibrium value of rjJ is below unity (Appendix B). 

In sum, capitai accumulates at a rate that is always positive; this determines a 

continuous increase of labor productivity in sector l and a continuous fai! in sector 2. 

Workers move to sector l and the supply oflabor in sector 2 shrinks. Along tliis reallocation 

process, wages are equalized across sectors, but at the steady state their values diverge: they 

are positive and increasing in sector l and zero in sector 2. Workers are fully employed and 

the minimum wage, 1f, represent a non-binding condition. 

At this point, by substituting the long run value of u in the growth rate equations, the 

economy steady state solutions can be fully characterized: they are rc1 ~ rn ~ YK ~ YE ~ 

[l+L""f11va- p, and yc2 ~ '11'2 ~ ayK ~ a[(J+D")-11va_p]. In the long run, variables grow at 

constant but unequal rates. The variation ofprices is YP ~ (l-a) {[J+L7
11

va --p}. 

Steady state optimal growth rates are: YD ~ Yn = YK ~ YE ~ [l+L"'f
11
v -p, and Yo = Yr, 

= a[(l+L"vflv -p], with. a> l, they are all higher than market rates. Therefore, in autarky the 

economy is characterized by steady state positive growth, un der-investment an d 

underproduction of good l but full employment. 

JL2.lntemational trade 

World markets are characterized by perfectly free trade and a continuum of small 

countries having the same preferences, technology and labor endowments, L. Therefore, 

prices in ali countries equa! world prices, (1, p*), and each country takes p*, the terms of 
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trade, as given. There is complete international mobility of capitai and commodities and no 

international labor mobility. Intemational trade starts with countries having reached the 

steady state. Internai relative prices are not constant at the steady state, they will generally 

differ between countries, and hence goods will be exchanged. The determination of the 

patterns of trade will depend on preferences and the shape of the productive frontier. 

Since countries' productive frontiers are partly convex and partly concave, m 

principi e the effects of trade on production may be both of complete specialization and of 

differentiation. It will now become clear that, depending on each country' s comparative 

advantage, either result may apply. Panagariya (1981) evidences the stati c effects of 

international trade o n economi es where production takes piace with an IRS and a DRS sector 

and labor is the only productive input. The author shows that a small open economy will 

never specialize completely in the JRS commodity, but may specialize completely in the DRS 

industry. The mode! by Herberg and Kemp (1969) describes a two-sector economy with two 

productive inputs. They consider a closed economy where, as in Panagariya (1981), 

externalities are output-generated. In what follows it is shown that some of these authors' 

results apply to the present description of the economy, where externalities are output 

generated and there is economie growth. 

Sectoral cost functions are useful to determine the specialization patterns. For given 

terms of trade, each country production and exchange decisions depend on the relative costs 

of producing the two goods. These private relative costs of production can be written as 

CIY!p2 ~ C1riC2r and C2r/p1 = C2riC1r, i. e. as the marginai cost of producing each good in 

terms of the price of the other good. Given perfect competition and pure externalities, prices 

equa! marginai costs. Taking into account the private determination of marginai 

productivities ( equations (C.3) and (C.4) of Appendix C), relative marginai cost functions 

are: 
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(14) 

(15) 

where M= r"" + ( rjJKJ-1w"" and T= r"" + w"" 

The margina! cost of producing good l, Cm, decreases as the sectoral output 

expands, (though it is perceived as constant by firms), while the marginai costs ofproduction 

of sector 2, Czy2 increase with production. 

Now, as the economy approaches complete specialization in the IRS commodity, the 

output ofthe DRS good approaches zero. Equation (14) yields: 

lim Cm = CXJ (14 ') 

That is, as the economy approaches complete specialization in the IRS good, the 

private margina! cost of producing it approaches infinity. Therefore, unless the price of the 

IRS good is infinity, firms will not find it profitable to produce it near the point of complete 

specialization; for fuùte prices, complete specialization in it will necessarily be finite. 

Also, note that complete specialization in the DRS commodity implies that the output 

of the IRS commodity be zero. In this case, 

lim Cm= O (15') 
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As the economy approaches the point of complete specialization in the DRS 

commodity, the private margina! cost ofproducing the latter approaches zero. Therefore, so 

long as the price of the DRS commodity exceeds zero, firms will find it profitable to produce 

near the complete specialization point. It follows that complete specialization in the DRS 

industry can take piace. 

FIGURE2 

For any given leve! ofthe terms oftrade p*, countries with interna! relative prices, p, 

higher than p* will maximize the value of their production by relatively specializing in good 

l. Symmetrically, economies with p<p* will choose to produce more of good 2, but in this 

case specialization will be complete. Equation (13) shows that, at equilibrium, relative prices 

are steeper that the PPF and equation (14) that the relative marginai costs of specializing in 

good 2 tend to the limit value of zero. Therefore, as depicted in Figure 2, in countries where 

p<p*, the production of good l will not take piace along the range where the price line is 

flatter than the P P F. The shifting ofresources to sector 2 induced by trade will be complete. 

Hence, for any given p* we can calculate the world supply of good l by summing (or 

integrating) the countries' production of this good, and the same may be done for good 2. 

Clearly the supply of good 2 is an increasing function of p*, and of good 1 a decreasing 

function, so that the ratio Y/Y1 oftotal quantities supplied increases as p* increases. 

Now, world demand with identica! homothetic preferences is just the same decreasing 

function ofp* that described each country's demand in autarky: p*= {(l-/3)1/)]C/C2• Hence 

this static mode! determines the equilibrium terms of trade. It is now useful to consider the 
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possibility that some of the countries may shift from their initiai pattem of specialization. It is 

not difficult to see that if this happens, it will concern countries speciaiizing in good l, 

because their terms of trade are deteriorating. With Cobb Douglas preferences, the inequality 

that rules out this possibility is (yc1-yc:;)lyc1 ~l (where yci, i=l,2, are the growth rates ofthe 

consumption of goods l and 2 and the goods' elasticity of substitution is equa! to l). A 

. 
sufficient condition for the inequality to hold is Y/ Y2 :<: O. Therefore, in this economy there 

is no producer switching. The steady state dynarnics of prices can be read directly from the 

. 
demand schedule: p* lp* = Yc1 - Ycz, or 

• 

. . [ J * K _!_ L = (1- a)-= ( 1-a) (1 +cv) va -p 
p* K 

(16) 

i. e., the world price variation is a positive function of the quantity of labor, L, employed in 

the production of good l by the representative country that relatively specializes in this 

sector. The rea! growth rate of countries producing good l, rn, is [I +D"/
11
v"- p, while that 

of countries specialized in the production of good 2, in terms of the same good. r!'2, is 

a[(l+Dvll!vu- pJ .Therefore, the reai growth rates of countries specialized in mature and 

advanced productions differ; however, given the Cobb-Douglas form of preferences, nomina! 

. . . 
growth rates are equa!: Y2 IY2 = a:r; IY1 + p/ P . 

Moreover, this sectoral specialization affects countries' employment levels. Countries 

having a comparative advantage in the mature industry will completely specialize in it. They 

will import good l both for consumption and for investment. Since this good's relative price 

continuously falls in the international markets, firms will choose to substitute workers with 

imported capitai goods. It is not difficult to show that these countries' demand for the 
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services oflabor falls as output expands. The labor demand schedule can be derived from the 

cost function ofsector 2 (equation (C.4) of Appendix C); it positively depends on the leve! of 

l 

income and the relative price of capitai goods: Ld Y2~[(wr)"" +l];-; Its variation 

(wrJv" 
hr h 

. . La K r 
t oug time ts: La = K + cr ( r )w" r . Labor demand positively depends on the growth 

- +l 
w 

rate of the price of capitai, r, and on capitai accumulation. The price of capitai equals the 

price of good l and, in terms of good 2, continuously diminishes. Specifically, it varies 

exactly in the opposite direction and at the same speed of the terms of trade. Thus 

Ld (;T K . . 
La = 1- cr ( r Jw" ( 1-a) K . With (r!W) decreasmg through ttme and v< O, the term 

- +l 
w 

(n'w/" tends to infinity. L'Hòpital's rule applied to the equation's coefficient shows that the 

labor demand long run variation is 

• • 
La = -(1 _a )[O" __ l_] K 
La 1-a K 

(17) 

With cr>l/(1-a), the demand for labor falls as output expands.6 Hence, workers will be 

replaced by capitai goods. 

6 The same relation applies in autaiky. There the variation of r in terms of good 2 equals the marginai 

• • • 
productivity ofcapital in that sector, i.e. rlr =[(v+a)-(1 +v)] Kl K =-(1-a)K/ K. 
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Now, as previously stated, the Iabor supply schedule is horizontal at a Iow but strictly 

positive wage leve!, w. This reservation wage does no t constitute an effective restriction in 

countries that produce both goods but it does represent a binding constraint in economies 

specialized in the mature productions. There, steady states are characterized by 

unemployment and low growth wages. Differently, countries producing the "active leaming" 

commodity have higher rea! growth rates ofincome and full employment. 

Unemployment in this mode! depends on the economies' productive specialization, 

rather than on rigidities in the labor markets. Unlike the often-made assumptions on wage 

rigidity, here wages are not fixed above the equilibrium value corresponding to full 

• 
employment but are well below it. It is rather the latter that, falling as output expands, 

encounters the minimum wage and deterrnines unemployment. In this context, lower levels of 

the minimum wages could delay the time of workers' lay-offs, but would not reverse the 

underlying tendency of the demand for Jabor to fall. 
7 

The stati c welfare effects of trade are as usual: both groups of countries gain from the 

exchange of commodities. Incomes' Ievels, however, differ. Economies that started the 

growth process earlier and now specialize in good l, in autarky had higher incomes. The 

gains from trade may be unevenly distributed across countries, but not to the point of 

canceling or reversing the initial differences. Hence countries with initially higher incomes 

will remain richer. At the same time, since nominai growth rates are_ equa! across countries, 

trade has no dynamic welfare effects. Unemployed workers of countries producing mature 

goods perceive the incomes deriving from the property of the capitai goods, which grow at 

the same nominai rate of the other countries' incomes. Nevertheless, with internationallabor 

7 Note that under the traditional assumptions of inputs' net substitutability but gross complementarity (CES 

tecbnologies witb u> l and constant returns to scale; Arrow et al. 1961) tbe reservation wage would not have 

any effect. There, even witb a decreasing labor share, tbe labor demand grows witb output. Hence, no fixed 

(or decreasing) minimum wage could prevent full employment in tbe long run. 
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mobility these workers would choose to migrate to the richer economies where they would 

also perceive wages and, consequently, have higher incomes. 

The mode!' s policy implications can only be very simply sketched; they naturally 

relate to the economy' s productive structures. The welfare of countries specialized in mature 

productions increases with higher employment and output Jevels. In this context, however, 

traditional incomes' and commerciai policies are ineffective in the long run. Given the 

continuous fai! of the demand for labor services, a reduction in the Jevel of the minimum 

wage could delay but not cure the unemployment problem. Similarly, given the constant 

deterioration of the advanced goods' terms of trade in international markets, the "infant 

industri es" born as a consequence of the trade barriers, would not become competitive, even 

in the long run. Hence, an acceleration of the knowledge accumulation rate appears to be a 

necessary condition for a country to dose the employment and income gaps, but it implies 

the production of advanced goods that are competitive in the world markets. 

111. Concluding remarks 

Machines tend to be used to substitute workers in productions where the distinctive 

characters of human activity, intelligence and intuition, are not needed. This happens 

especially in economies where capitai goods can be conveniently utilized to replace labor. By 

contrast, economies where human capitai is relatively abundant tend to specialize in the 

advanced productions, where the Iatter input is more needed. Hence, world markets are 

characterized by countries that produce advanced goods and bave high growth rates and 

employment levels and by countries that specialize in standardized or mature productions and 

experience steady state unemployment and Iow growth. 

This paper has assumed that consumers have Cobb Douglas preferences. With slightly 

different assumptions, for example CES preferences and a high elasticity of substitution, the 
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share of expenditure in the mature go od might gradually fall t o zero. This could be consistent 

with the Schumpeterian theories of innovation: after a wave of technological change, market 

demands and supplies shift towards the new goods; consequently, old productions relatively 

decline, without, however, closing down completely. Furthermore, under this same 

assumption, economies with different productive specializations would grow at different 

nominai, other than real, growth rates. 8 

In addition, no internationallabor mobility has been assumed, but it follows from the 

premises that in the absence of barriers workers of the mature economies would migrate to 

the richest countries. In this case, incentives to the emigrated workers to return home might 

positively affect the growth rates and employment levels of the mature economi es. Trained 

workers posses the skill levels proper to the richest countries and might successfully and 

competitively produce the advanced goods. 

8 This result is present in Lucas (1988), where economies with labor as the only input are considered. 
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Appendix A: The productive possibilities frontier (P P F) 
In what follows "market" and "efficient" maximization will be distinguished. T o solve 

the problem Max Y2 = {[(1-rp)KT + [(1-uJLr l"1
v, s. t. ~ r/JKr +(rfJK.uLtv t; = l:J.~where 

K. =K, private agents calculate the marginai productivity of capitai without taking into 
account the effects of externalities. This will determine equilibrium prices. The PPF, on the 
other hand, will be determined by taking into account the effects of externalities. 

are: 
The market -determined marginai productivities of capitai an d labor in the two sectors 

~+l 
ya 

y -a 2 • 2K ~ l , 

[(1-rp)K]~ 
(A2a) 

(Ala) 

(Ai b) 

(A2b) a l 

[(1-u)L]~ 
where, given that O"< li( l-a), (via +l)< O, 

Total differentiation ofthe FOC (dK, dL are partial derivatives) gives: 

~+I I dK +((1-u)L) ~ dL 
-I aY2" [{1-rp)K]" (1-rp)K 

p = 
I l 

yl-;; (rpx_)--;; 

The market efficient conditions of production of equation ( 4) imply that 
.!_ ~+1 

p-1 = ( ~ ~)" aY2~ • The derivation ofthe optimal production possibilities frontier (P P F) 
\1 'f' -yu 

I 

includes the effects of extemalities. This increases the margina! productivity of capitai in 
sector l as well as rp, the sectoral equilibrium share of capita!. The latter is evidenced in 
Appendix B. The marginai productivity of capita! is: 

l 

Y1K = [1 + (uL tv Jv = ..!'!._ {Ala') 
fjK 

It has a higher value than the margina! productivity of capitai perceived by the agents 
(equation (Ala)). Second order derivatives (SOC) are: 

Yw: = O; (A3a} 

YuL = _..!_[(uLv +l)G(uL)v--1f/K = _..!_y1(uLt2 < O {A3b) 
()" (J 

l 

YuCL = Yux = [~1L" +l )t v~ = (l)~ > O 
rfKuL 

(A3c) 
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<O 

<O 

2v +l 
y:a 

( ) 2 <o Y2LK = Y2KL = a v+a 1 

(A4a) 

(A4b) 

(A4c) 

[(1-u)L(l-q))Kj; . . 
The shape of the PPF follows from the differentiation of the FOC, mcludmg the 

effe"'•:::;::IIH~K/0[ JK•U:=;J~l-! ~ ., l 
dY, Y,(pK) ldK+[l+(uLrr'(~)"KYdL 

Equation (4'), on optimal conditions ofproduction, implies that 
l ~l 

dY2 _ _(_l_ Ì-;; aY2a (ifKF" 
dYl- li-q)) yl 

The bordered Hessian is: 

[

f2KK + Jt.Y;KK y2KL + Jt.Y;KL - r;K l 
f2LJ( + Jt.Y;LK y2LL + Jt.Y;U - r;L 

-r;K -r;L O 

'A is the positive multiplier of the Lagrangean ~n~tion. 
The determinant ofthe bordered Hesstan ts: 2 

/H f= (-YuJ(-Y1JY2KL + (-YuJ{-Y1JitY,KL- (-Yu/(Y2u+itY1Ll)- (-Y,J Y2KK + 

(-Y,J(-~fe'=; [~~1~;~~[;;:e1~uality are positive, except for_the ~~t ~d the fifth (that 

al) The algebraic sum of ali terms except those including Jt IS positive if 
areequ . , / / 

/(Y,J2y2KK+(Yu/Y2LL /> 2(YuJ(YlJY2KL. . -, , d/A4a-c\ 
The LHS ofthe equality can be re-written constdermg (Ala'}, (Alb ')an \' l· 

This shows that the inequality holds with positive signj12 
(Yn y

2
KK 112 + Y1KY2u

112/- 2 YnY1K (Y2KKY2uJ > 2(YuJ( Y,JY2KL 

with (Y2KKY2u/12 > Y2KL· Hence /H />0. 
The curvature of the PPF follows from 

dY2 = -Jt and dzY; = - ~ , 
dYI dr;- U11 

dit Y 2KK {Yzu + itYzu)- (Y2KL + JtY,KL / 

\Hl 
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2 d;l, d;l, 
As seen above, Y2KKY2u > Y2KL . Hence, for Y2 ~O, - > O, while for Yr~ dY 

d0 l 

< 0 .. The opposite signs hold for ~ . As ali second order derivatives are monotone, the 
l 

sign of the expression changes only once. Therefore, the PPF (in both its expressions, the 
PPFm and thePPFo) is convex in the vicinity ofY1=0, concave in the vicinity ofY2 =O and 
has only one flex point. 

Appendix B: the capitai share 
The equilibrium value of tjJ can be derived from the solution of equations (12) and ( 4), 

1 M 1 
!. M !. xa +-x" -p x" +-x"- p 

it is tjJ = -----:l _ _.!:a"---I;------- . At the steady state: p = a 
1 

Mx a Mx a {1- U} L" x+-M x;; 
x+--- a 

a .!... a 
u" 

The numerator is always positive because p< l. In the first expression, given that q) > 
O, the denominator must be positive. This means that u must be sufficiently high to fulfill this 
condition (which also implies that the RHS of equation (12) is positive). Therefore, the 
minimum equilibrium value taken by u is higher than zero and is a positive function of fJ and 
a. In other terms, it increases with the share of good l in utility and the degree of the retums 
to scale in sector 2. The second equation shows that at the steady state u equals one but tjJ is 
lower than unity. In other terms, the labor force is entirely employed in region Nbut capitai is 
utilized in both sectors. 

The optimal value of tjJ includes the effects of extemalities; it is q) 

M 
x+-x-p 

a 
Mx M:>c(J-u)L". 

X+--
a a !. 

u" 
It is higher than the market equilibrium value. Hence, because of the input externalities, the 
market share of capita! going t o sector l is below optimality. 

Appendix C: The cost.functions 
Total and marginai cost functions can be determined by taking into account the 

inputs' relative prices that follow from firms' profits maximization and multiplying them by 

the inputs' levels. In sector l this corresponds to: rr/JK = ( r/K .J_,,. Adding l to both 
wuL rfK.uL 

l 

sides, and multiplying them by {uL), the equality is: C1 y-" {uL)a . Now, (uL) can be 
w rr!K.r· 

written as a function of the other variables. The same applies to rfK. Hence: 

[c r tfJK rrJ uL = 1 

1
: . The production function of sector l can then be re-written as: 
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y ~ [ (C,~( r + ( <'K, r( C, ( <'K~-· Y( r r ' orul "'"'•"' """ fw<tion ;, 

l 
(C. l) C1 =YJ"" +(I/JK,T

1
w"" }';;: 

Firms in sectar l perceive casts as canstant. In fact, they are negatively dependent an 

productive extemaiities, which are (1/JK,f . 
The same procedure leads t a the determinati an af the cast functian af industry 2: 

(C.2) 

The cast afproducing cammadity l in terms afthe price afthe ather gaod (given 
l 

C Y ~"" + ( çbK T 1 w""}';;: 
perfect competition, prices are equai to marginai costs) is: -

1 = 1 
1 ' 

p2 l --1[ ~ 
a Yt y"" +w"" l"" 

l l l l 
-Y

2
;;- ~=+w= ]a;; 

(C.3) 

Therefare, the marginai cost of producing good l in terms of good 2 is: 

~m· +(I/JKJ1w"" ~- ~~ov +(I/JK,r1 wm·~-1 K-2 ( ~J 
c" ' 

a 
and the marginai cast af praducing gaad 2 in terms af gaad l is: 

(C.4) 
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