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Abstract

The well-known economic principle on profit states that the profit is maximum when
the marginal revenue equals the marginal cost. We hereby present the case where the
demand and the cost are polynomials in the demand quantity variable. The
coefficients are trapezoidal fuzzy numbers, hence the demand and the cost are fuzzy
numbers too. Since our goal is maximizing the profit, we have to choose a suitable
defuzzification method of fuzzy numbers. The method we use is the Weighted
Average Vaue, which is more general than others presented by several authors. The
results we obtain are a generalization of the crisp case.

1. Introduction

The classical mathematics is used in economy to detect rules of economy
systems and to present these rules in a form of equations or mathematics models,
which can be used by decisionmakers for supporting decision process. The most
important problem with the classical mathematics is that it requires reliable precise
numeric data to create well working models. Unfortunately a lot of information,
which can be acquired from official sources is not reliable at all. Moreover, alot of
information is also not measurable in a numeric way. This kind of information gives
gualitative knowledge about the analysed system and therefore allows for deeper
insight into the system.

In spite of being regularly taken into account by decision makers who are able
to estimate it using linguistic terms, the qualitative information is very often omitted
in classical models. It is a result of classical mathematics application, which cannot
fully utilized this kind of information. It is not a single case when qualitative
information occurs to be more significant for real economic process than quantitative
one but it is missing because of classicd models limitations. Hence, the further
progress in building models of economic systems and applying them in the decision
making process depends on proper combination of quantitative economic knowledge
with qualitative knowledge and introduction of the linguistic terms. This connection is
possible via the idea of fuzzy logic. At the beginning fuzzy logic was used mainly in
technical application. Recently the fuzzy logic has been successfully applied not only
in technical applications but also in economical and social ones.

Many mathematical models for the real world use coefficients that are
supposed to have fixed characteristics. Unfortunately, these parameters are often



unknown exactly because they are variable, unreliable or imprecise in some way. In
several cases the coefficients involved in the description may only be approximately
estimated by means of observations that are done at discrete steps or are obtained by a
regression having the discrete observations as fixed points. This imperfect knowledge
would normally be introduced by means the substitution of crisp values by fuzzy
Ones.

In al classical texts of Economics (i.e. [11]) the economic principle on profit,
in the crisp sense, states that profit is maximum when margina revenue equals
marginal cost. A paper of Yao-Chang [13] faces this problem in a fuzzy contest. They
examine several cases of cost and demand functions. The wider case is the one in
which the functions involved are quadratic. The fuzzy quantities they propose are
triangular fuzzy numbers (shortly, f.n.). They use the centroid as defuzzification
method and show that the crisp principle can be naturally extended in afuzzy context.
The aim of our paper is to prove that the economic principle on profit is till valid
even if the coefficients are modelled by to Trapezoida fuzzy numbers (TR.f.n). They
could be interpreted as a possibility distribution on the values, which any given
coefficient may assume. We choose a trapezoidal fuzzy number as general framework
for the description of vagueness and imprecision as they are easy to handle (it is
defined by no ore than four paramethers) and have a natura interpretation. Recent
papers have shown how, given a general fuzzy number, it is possible to find a
trapezoidal approximation that fulfils important properties. [ 9]

As defuzzification method we propose a more genera one, which contains the
centroid as particular case.

The method we use consists in the definition of a mapping from fuzzy
numbers into the real line to obtain a suitable real value we call the defuzzification of
the fuzzy number. The mapping, called Weighted Average Vaue (WAV), is
introduced by Campos- Gonzales ([3, 4]), and presented in a detailed way in [6].
WAV depends on two parameters, a real number | and a probability measure S. | is
connected with the pessimistic or optimistic point of view of the decision maker, Sis
connected with the preference of the decision maker to choose, according to his
preference, different subsets of the support. The choice may depend on subjective
elements, on the nature of the problem and on the sensitivity of the decision maker.
Even in this general scenario, the economic principle on profit is anyway valid and
the solution of the fuzzy case has the same shape than the one obtained in the crisp
case and collapses into the crisp solution when the fuzzy coefficients become crisp.

2. Economic principle on profit with crisp and fuzzy revenue and cost
functions. An unitarian vision.

The classical economic principle on profit says that if the point X, is the slution of
the profit maximization, then it realizes the equality between the marginal revenue
and the marginal cost. This value helps the monopolist to determine the unit price of
the material he produces.

The functions here involved are polynomials in the x variable with real coefficients:

n .
Yi(a;.x):RXF® R:Y{(x)= & a;x’,i=1.4.

j=0
In particular let, the demand function Y 1(x) = p(X): [0, XC] ® R, where the domain
is such that Rlox ](x)3 0, the total revenue Y 5(X) =R(X)=xp(X): [0, xc] ® R, the



totd cost Y3(X)=P(x):[0,+¥)® R, and the profit  Y4(x)= PX)=R(X)
P(x): [O, XC] ® R, be dl polynomias in the x variable with real coefficients with

some compatibility conditions on the coefficients.
To face the economic principle on profit problem, we have to find the points of
maximum of the profit function, that is we have to find the critical points of P(x)

dY,(x) _ dP(x) _ dR(x) ) dP(x) _
dx  dx  dx dx

0,
that is

n . .
a+ a(ax! - jag;xI"h =0 (2.)
j=1
we have to solve an equation of grade n-1 and to choose the points of maximum, we
d?P(x)

3 0 istrue. We will have cases
dx?

have to verify for which X; theinequality
X:)_(i

in which the problem is solvable in an explicit way and others in which this is not. It

depends on n.

We propose a trandation to the fuzzy case modifying all the coefficients of the
polynomials involved from crisp values to Trapezoidal fuzzy numbers (TR.f.n). This
fact produces that al the functions are real polynomias with fuzzy coefficients and
are TR.f.n. We choose a trapezoidal fuzzy number as genera framework for the
description of vagueness and imprecision as they are easy to handle (it is defined by
no ore than four papramethers) and have a natural interpretation. Recent papers have
shown how given a genera fuzzy number it is possible to find a trapezoidal
approximation that fulfils important properties. [ 9]
The last step is the maximizing step. We may follow two procedures:
- We may defuzzify the fuzzy profit and then find the points of maximum of the

real function we obtain.

We may defuzzify the derivative of fuzzy profit and then find the solutions of

thisrea equation.
If the defuzzification method is linear in the four parameters which describe the
TR.f.rs, the two steps are equivalent, if it is not we have to follow the first procedure.
In this paper we follow the first one and propose to use a general defuzzification
method that contains, as particular cases, a wide number of known methods present in
literature: the weighted average value (WAV) [see 1-8,12].

3.  Waeigthed Average value of fuzzy numbers

We remember that a fuzzy set U is defined by a generalized characteristic function
mg () , called membership function, defined on a universe X, which assumes values in

[0,1]. The universe, in a concrete case, should be chosen according to the specific
situation. In the following, X denotes a non empty subset of R
Definition 3.1. The fuzzy set U is a fuzzy number iff:

1) "al [02u, ={xT R:my(x)* a}=[a],a}], called a-cutsof T, isaconvex
Set.
2) m;(.) isan upper-semicontinuous function.



3) Supp(T)={x1 R:ny(x)>0} isabounded setin R
4) $x1 Supp(0) st. m;(x)=1
We denote the set of fuzzy numbers by F.

Definition 3.2. We call Weighted Average Value (WAV) of the fuzzy number U, by
the measure Son [0,1] , the F-evaluation function

1
M, (ST)=o( u§ +(- | )u)dS (3.1
0

where U = [u"i‘,ug] is ana -cut of @ and the parameter | T [01] may be interpreted
as an optimistic or pessimistic point of view. Notice that it results

M, (ST)=1 M (S0)+(@-1)M,(S0) (3.2)
having
1 * 1
M.(S ) =QuidS ad M (Si)=g5dS (3.3)
0

Theinterval M (ST) = [M. (S,0),M"(S,0) | iscaled the Smean valueof { .
If the fuzzy number T isthe crisp real number u, M| (S,u) =u.
If S is the Stidtjes measure generated by the function s@a)=a'", "r >0:
S]a,b])=b" - a"," a,b1 [0]], it is possible to write the F-evaluation function in
(3.2) inasimpler way:

M, (ST)=1 M (r,0)+@- 1) M«(r,0)
where

M= (r, u)—rc;ir Wada  and M*(r,ﬁ):rcﬁr Wada (34
0

Wecdl M (r,d) the Weighted Average Value of U of order r.

It is easy to see that for particular choices of | and S, the (3.4) coincides with other
comparison indexes (see 1-8,12 ). For more details see [6].

The geometric meaning of r is connecting with this observation. Denoteby U the
fuzzy number with membership function m, = x" o m,.

We have
[ M (r,0), M (r,0)]= Me (L0"),M” 1,07 ].

If U isaTR f.n., the previous interval is a subset of the support of U which is the

projection on the rea axe of the segment we obtain cutting U at the level
1

a=cp'da= i
@ r+1

A con%quence of this choice is that the defuzzified value lies in a subset of the TR.f.n
support, which becomes as much narrow as the value of r increases.

Definition 3.3. A TRfn. u=(u,- D,,u;,u,,u, +D,), where D, >0, D, >0, is
represented by the membership function



i0 XEu, - D,

R U - D,<XEuy,

! D,

|

(1 u, <x£u
n‘h(x):.l. U - x 1 2

11+ -2 u, <x£u,+D,

[

%0 X>u, +D,

If u, =u,,then U isatriangular fuzzy number.

In this case we have
M, (ri) =1 M (r,0)+(@- 1) M«(r,0) =

|y + (1 1 jup+ 42 ;r(i'l)' )D1) (35)

_ +
If Dy =D, and | =%, M(r,T) =2 2“2.

That is, the Average Value of order r of a symmetric trapezoidal fuzzy number is the

central value of the flat part, if and only if theweight is | = %

The definition of Weighted Average Value of U of order r will be used as a
defuzzification method.

4. Economic principle on profit with crisp revenue and cost function

As we desire to solve in an explicit way the (2.1) we consider the more general crisp
case in which thisis possible: quadratic demand and cost functions,

p(x) =a- bx- cx*, ad P(x)=d+ex+gx®, (4.1

where al coefficients are real numbers such that
a>d>0,a>e>0,b>0,c>0,g>0 and

_ 2
0EXER , R= b“;c“‘ac . (42)

The hypothesis on the coefficients causes that the two functions p(x)and P (x) are
respectively positive and decreasing, positive and increasing for everyx1 [0,].
If R(xX) =xp(x)is the total revenue function, and x are the units of the sold
commodities, the profit function is

P(x) =R(X) - P(x)=- 3cx? - 2(b+g)x- (e- a) (4.3)

P(X) is concave on the domain [0, f(] , 8

P'(X) =+3(-c)x*+2(-b- g)x+(a- € ; P'(x)=6(-c)x+ 2(-b- g)<0.
Consequently, the maximum point x, of P(X) is simply the positive solution of the
equation P'(x) =0 (which we call characteristic equation of the crisp problem), that
is




L . (b+9)+|b+g’+3c(a- ¢

° 3c '
This solution always exists by the assumption we made: (a- €) > 0. It can easily be
shown that if X, <X then the solution is admissible and is the solution of the
economic principle on profit.

(4.4)

5. Economic principle on profit with revenue and cost fuzzy functions

If we wish to model area situation, we have to note that coefficients in demand and
cost functions (2.1) are not exactly given: they are obtained by estimations that cannot
be based on probabilistic assumptions, but only by the opinions of economic experts.
For instance, the d value (i.e. the fixed cost) may be estimated in an imprecise way
and the experts could assert: “We think that the fixed costs will be about in the
interval [dl,dz]. This “vague” information may be written in a fuzzy sense expressing
al coefficients by means of trapezoidal fuzzy numbers which better trandate the
linguistic description of the coefficients.

Let 3,b,C,d,&,§ betrapezoidal fuzzy numbers, that is

a=(a - Dy,a,a,,a +Dy,), Bz(bl- D, b,b,,b, + D,,),
C =(c, - Dy,cy,C,,C, +Dy,), d=(d,-D,,d,,d,d,+D,,), (5.1
€ =(& - Dsy,&,8,,€, +Dy,), 9 =(9;- D&,01,9,.9, +Dg,),
such that
a <a<a,, b <b<b,, ¢ <c<gc,,d, <d<d,, g <e<e,, 9,<g<g,
0<D,,0<D, "i=1..6
D, <a, D, <b,D; <¢,,D,<d;, Dy <e, Dg <o, (5.2

(shortly, these inequalities mean that the trapezoidal f.n. are positive)

The demand function

B(x) = &- bx- &2 (5.3)
and the cost function

P(x)=d+&+§x2 (5.4)

can be defined for every demand quantity x >0.
If T isthe set of trapezoida fuzzy numbers, by the usua arithmetic operationsin T we

have that the fuzzy demand P(X) =3 - bx- &x? is again a trapezoidal fuzzy number
px)=(8.,S,.S,,S,)

Sl =a; - D11 - (bz + Dzz)x' (Cz + D32)X2

S =a,-bx-c,X*,S,=a,-bx-cx>, (5.5)
S, =a,+Dy, - (b - Dy)x- ~(C1 - Dgy)x?

Notice that since p(x) and P (x) have the same economic meaning given in the crisp
sense, it is necessary that the fuzzy numbers p(x) and I5(x) are positive.

The positivity of P(x) for every x>0 isimmediate as d,&,§ are positive TR.f. n.
by (5.1). Consider now the fuzzy demand p(x) : it will be positive if and only if



S =a-Dy- (b, +Dy)x-(c, + D32)X2 >0.
The last inequality will be true if

-(by + D) + \/(bz +Dg)? +4(a - Dy)(Cp + D)
2(c2+Dgp) '

Since we had a similar bound also in the crisp case (see (4,2)), it is interesting to

investigate the connection between X and the crisp bound X, which can simply be

obtained by X considering D17 =Dy, =D3, =0 and

a=a,=a,b =b,=b,c =c, =c.

0< X<X= (5.6)

For this purpose, we can study the function f(D11,D29,D3p) : Rf ® R

- (by + Dxy) + y(bs + D)2 + 4 (g - Dyy)(Cy + Dap)
£(Dy1.Dgp Dap) = —2— "2 \/ 2 TP 4 - Pl

2(cz+Dgp)
It is easy to check that Tt <0, nf <0, nf <0.
Dll ﬂ D22 ﬂ D32
Hence X = f(D11,D22,D30) £ (0,0,0)=%

and p(x) ispositivefor every x1 [0X]1 [0,X].

We can therefore cal culate the revenue (fuzzy) function, for every x1 [QX],
RO)=xPB() =x(@- bx- ) = (R, R,y Ry Ry),

R =(a, - Dy)x- (b, +Dy,)x* - (c, + D32)X3

R, =aXx- bx*- ¢,x%, R, =a,x- bhx*- ¢x°, (5.7)
R, =(@, +Dy,)x- (b, - D21)X2 - (¢;- Dy) x°

and the fuzzy cost function IS(X) =d +ex+ gx* =(P,,P,,P,,P,) where

Pl = dl - D41 + (e1 - D51)X+ (gl - D61)X2 )

P,=d, +ex+gx* P, =d, +e,x+g,X’, (58)
P,=d,+D,, +(e, +Dy,)x+(g, + Dez)xz-

Then, the fuzzy profit is the set

P(X)=R(x)- P(X)=-d +ax- ex - bx*- gx*- cx* =(P,P,,R,,P,)

where, by (4.7) and (4.8),

Pl =- (dz + D42)+(a1 b D11 -6 D52)X- (bz + D22 +0, + Dez) X - (Cz + D32)X3
P,=-d,+(a,- &)x- (b, +g,)x* - ,X° ,

P3 =- dl + (az - el)x - (bl + gl)X2 - ClXS (5-9)
I:)4 =- (dl - D41) + (az + D12 -6t D51)X' (bl - D21 t0 - D61)X2 - (Cl - D31)X3-
Let us consider on T the defuzzification method defined by the Weighted Average
Value of order r (WAYV) as follows from (3.5) :

MI (r’f)): | P3+(1- |)p2+| (Py-P3)- (- 1)(P>- Pl).

(r+D
As we are interested in maximizing the WAV of the fuzzy profit, let us calculate




|(Pa= Pa)- (- 1) (P~ P)

48 By =2 i
M (PO =— (1 Py - 1P+ T

(RS- R)-@A-1)(R'- P
(r+1)

dP
where P'(X) :d— forever i=1234, are:
X

=1 B'+(-1 )R+

P'=(a,- Dy, - - Dg,)- 2(b, +D,, + g, + Dg,) X~ 3(c, + D) x*

P,'=(a - &)- 2(b,+g,)x - 3c,x°

P,'=(a,- &)- 2(b, +g,)x- 3¢,x*

P,'= (az +D,- e+ D51) - 2(b1 - Dyt 0 - D61)X - 3(01 - D31) X2 (5-10)

Consequently,

SV P00 [la, - 0)- 260, + 8- 0]+
@- 1] (& - &)-2(b, +g,)x - 3c,x? ]

+ il{ | [D12 + Dy, +2X(D,, +Dg;) +3x* D31]' @-1) [D11 + Dy, +2X(D,, + Dg,)+3X° Dsz]}
r+

ha (3a <20 X+g) (5.11)
having denoted
b=I(o+c)+@-1)(by+cy) +I (D21 + Dey) - r(i-ll )(D2,2 + Dg2) _

My | (r,b+3)
(-1 )(D11+Dg2)- 1 (Dy2+Ds1) _

=M. (r,e-a
-~ 1-1 ( )

g=l(g-ax)+(1-1)e- )+

that is

d—‘im (r,P(x)) = - 3My| (1,€) % - 2My,| (r,5+g)x- My (r,&- a)

Wecdll characteristic equation of the fuzzy problem the equation

My (r,C) X% +2My_| (r,5+§)x+ My (r,€-3)=0 (5.12)
It is easy to check that the last equation has exactly the same shape than the
characteristic equation (4.3) of the crisp case, provided that we change each crisp
coefficient with the WAV of the corresponding fuzzy coefficient. Consequently, we
can proceed through the same path and obtain

My (1B +G)EME| (LD +§)- My (M (8- ) _
M. (1,©)

X =

(5.13)



that hasthe same shape than the crisp solution x, (see (4.4)). If the fuzzy coefficients

are crisp numbers, then X = x, .
2 — ~ — ~

As %M| r,P(x))=-2( 3ax+b )<0, M; (r,P(x)) is a concave function and as
X

we want positive solutions, by the inequdities a >0,b >0, it is easy to note that the
unique case in which this happensis: M| (r,€- a)=g<0.

In fact f g<0, using the pérevious notations, the discriminant W= b?- 3Ag is
positive and we obtain two roots, one positive and one negatitive.
The one we need is the positive one that is

2
g=_D*yb"-3Rg (5.14)

3

if X <X, thesolution isadmissible.
In the other two cases, g =0,g >0, we have respectively one negative solution and

two negative solutions that are not admissible as we have x> 0.
What does it means g < 07? For the properties of WAV we have that

g=My | (r,€-a)=-M (r,a- €=My (r,€)- M (r,a)<0

that is M1 (r,€) <M (r,a).

In the crigp case we have the ipothesis of e<a. Here we need of a strongher ipothesis:
As we may choosel T [01], we need that e, +Ds » < a - Dy, that is the supports of

€ and aaredigointed and supp€ <supp a, where < is the usua order relation on
intervals.

Conclusions

The obtained results show that, using a general defuzzification method as WAV, it is
possible to trarslate the crisp problem of economic principle on profit in a fuzzy
sense, without loose anything. We find an admissible solution that collapses to the
crisp solution when fuzzy coefficients become crisp coefficients.
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