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Abstract. This paper shows that the CAPM-based capital budgeting criteria proposed by Tuttle and
Litzenberger (1968), Mossin (1969), Hamada (1969), Stapleton (1971), Rubinstein (1973), Bierman and
Hass (1973), Bogue and Roll (1974) are equivalent: They all state that a project is profitable if its internal
rate of return is greater than the risk-adjusted cost of capital, where the latter is given by the sum of the
risk-free rate and a risk-premium which is a function of the systematic risk of the project, itself a function

of the project cost.
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Introduction

This paper deals with a world where a security market exists satisfying the assumptions of the
Capital Asset Pricing Model (CAPM) and where a firm has the opportunity of undertaking a one-period
project (say project Z). The question is: Under what conditions the project is profitable? In the literature
we have several seemingly different answers. Using simple algebraic manipulations this paper shows that
the answers provided by Tuttle and Litzenberger (1968), Mossin (1969), Hamada (1969), Stapleton
(1971), Rubinstein (1973), Bierman and Hass (1973), Bogue and Roll (1974) are all equivalent.' To this
end, Rubinstein’s criterion is introduced first, and then the equivalence of each criterion with Rubinstein’s
is shown. (Notational conventions are collected at the end of the paper. Expectation will be indicated by

an overbar.)

1. Rubinstein

Let us suppose a project is available to a firm and decision must be taken about undertaking it or
not. Rubinstein (1973, pp. 171-172 and footnote 10) proves that if the security market is in equilibrium
(so that the fundamental CAPM equation holds), and if shareholders’ wealth is to be maximized, then the
project is worth undertaking if
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where 7, = . The right-hand side of (1a) is the risk-adjusted cost of capital,
and the covariance term (which is a function of the project cost I )* is the systematic risk. Criterion (la) is

equivalent to
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which means that the project is worth undertaking if its NPV is positive. Equivalently, we may say that
F, Z
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the project is worth undertaking if the project value V = is greater than the
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cost.

! For an alternative proof, see Sebnet and Thompson (1978). The authors provide the proof of equivalence of the
criteria proposed by Hamada (1969), Rubinstein (1973), Bierman and Hass (1973), Bogue and Roll (1974). They do
not deal with Tuttle and Litzenberger’s criterion nor with Mossin’s (they only devote to the latter some verbal
consideration at p. 399 of their paper).

? The fact that the covariance term is a disequilibrium covariance (depending on cost, non on project’s equilibrium
value) bears striking relations to the principle of arbitrage (see Magni, 2006).



2. Mossin
Mossin (1969, p. 755, left column) shows that, assuming the market is in equilibrium, an
investment Z will be undertaken by a firm / if and only if
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where R = with ]71 :=free cash flow of firm /. We have
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The term /__ “is the same for all companies” (Mossin, 1969, p. 755, right column), so
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- As aresult, eq. (2) becomes
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which is Rubinstein’s criterion.

3. Hamada
Hamada (1969, section V) shows that the project is profitable for a firm / if and only if
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(see also his eq. (24)). Using the fact that the left-hand side of (3) is just the expected rate of return of the

project 7, = and that A Equity = /, the equivalence of Hamada’s criterion and Rubinstein’s is

easily found:
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4. Bierman and Hass

Bierman and Hass (1973) show that the shareholders’ wealth increases if and only if
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(see their eq. (10) and their proof in section II). Using the above definitions and substituting in (4), we

have
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which is Rubinstein’s criterion.

5. Bogue and Roll
Bogue and Roll’s (1974, p.606) criterion is
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with A" = . Manipulating algebraically we have
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which is again the standard criterion described in eq. (1).

6. Tuttle and Litzenberger
Tuttle and Litzenberger’s (1968) cost of capital is given by

cost of capital=r, + b*p(Z,m)o,
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where b = # (see their eq. (18)). But “in order for the equilibrium to occur, b~ must
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be the same for all firms” (Tuttle and Litzenberger, 1968, p. 437). This implies b™ = — S0
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that
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which is Rubinstein’s cost of capital in eq. (1).

7. Stapleton
Stapleton (1971) introduces a criterion which he himself recognizes as equivalent to the

criterion provided by Bierman and Hass (1973). He introduces the random variable
k'y=E(k;/k,) ,and after noticing that Bierman and Hass’s condition may be written as

— k
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he claims that his criterion is “simply a short cut to calculating the amount of non-diversifiable

risk ... It is shown in my paper that the absolute value of this amount is simply the standard

deviation of the conditional expected value variable k', defined above” (Stapleton, 1974, p.
1584). In other terms, his criterion is just Bierman and Hass’s criterion, where p(k;,k, )o; is
replaced by Oy, 3 As a result, his criterion is equivalent to Rubinstein’s criterion (and therefore

to all the other ones).

? This replacement is legitimate as far as Stapleton assumes that k' 7 is perfectly linearly correlated with km (see
Bierman and Hass, 1974).
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Notational conventions used in the paper

F, = End-of-period cash flow of project Z I = Cost of project Z

Fl = Free cash flow of firm / ;= Rate of return of project Z

7; = rate of return of firm / 1, = Market rate of return

re= Risk-free rate of return Vom =Market value at time 0

V" = End-of-period market value V= value of firm /

O y =Standard deviation of X o(X)= Variance of X

O',i = o’ (r,) cov(X,Y )= Covariance of Xand Y
p( X, Y)=Correlation between X and Y NPV, =NPV of project Z

X and Y are generic random variables. The A symbol indicates variation, and a bar over a symbol

means that expectation is taken.





