Dipartimento di Economia Politica

Materiali di discussione

\ 673\

Fuzzy quantities and their ranking:
a new proposal

Luca Anzillit
Gisella Facchinetti?

December 2011

e-mai address: luca.anzilli@unisalento.it

e-mai address: gisella.facchinetti@unisalento.it

ISSN: 2039-1439 a stampa
ISSN: 2039-1447 on line

Viale Jacopo Berengario 51 — 41100 MODENA (ltaly) tel. 39-059.2056711Centralino) 39-059.2056942/3 fax. 39-059.2056947



Fuzzy quantities and their ranking: a new proposal

Luca Anzilli* Gisella Facchinetti™

Department of Economics, Mathematics and Statistics
University of Salento, Italy

December 2011

ABSTRACT

We deal with the problem of evaluating and ranking fuzzy quantitities. We call fuzzy
quantity any non-normal and non-convex fuzzy set, defined as the union of two, or
more, generalized fuzzy numbers. For this purpose we suggest an evaluation defined
by a pair index based on “value” & “ambiguity”. Either value or ambiguity depend on
two parameters connected the first with the optimistic/pessimistic point of view of the
decision maker and the second on an additive measure that can be used to express the
decision maker’s preferences.
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1 Introduction

Either in many fuzzy optimization or in decision making problems, evaluation and/or ranking
definitions of fuzzy numbers play an important role. Several proposals of different kind have
appeared in literature [1-36]. Following the line of “utility function” definition in decision
making problems one wide group of them proposes to define a real function on the fuzzy
numbers set to obtain a real value associated to the fuzzy set useful for its evaluation and
ranking too. This approach has produced several proposals with different characteristics.
Some of them have chosen to obtain a value into the support of fuzzy set. This is the idea
we have decided to follow even in the field of fuzzy quantities. A fuzzy quantity is a fuzzy
set obtained by the union of two or more fuzzy sets not necessarily normal, called generalized
fuzzy numbers. These complex sets are non convex and non normal fuzzy sets. Our choice
is due even by the fact that these types of fuzzy sets are the typical output of inference
fuzzy systems and the necessity of a way to produce a “defuzzification method” (that is the
transformation into a crisp number to obtain the final system output). This idea, like any
others in literature, produces equivalent classes very wide, so, to reduce their size, we propose
a new definition that uses a lexicographic order based on two index, value and ambiguity.
The “value” definition we use is proposed in [37] where the authors present a definition of
evaluation of a fuzzy quantity based on a-cut levels and depending on two parameters: a real
number connected with the optimistic/pessimistic point of view of the decision maker and an
additive measure that allows the decision maker to attribute different weights to each level,
according to his preference. In this paper we add a notion of ambiguity of a fuzzy quantity.
Ambiguity is a measure of the vagueness, that is the lack of precision in determining the exact
value of a magnitude. Index of ambiguity was suggested for fuzzy numbers to characterize the
global spread of the membership function of a fuzzy number [38]. We provide some numerical
examples to illustrate the applicability of the proposed method.

In Section 2 we give basic definitions and notations. In Section 3 we deal with the concepts of
value and ambiguity for normal fuzzy numbers. The evaluation of generalized fuzzy numbers
is presented in Section 4. For them we give a definition of ambiguity and investigate some
of its properties. In Section 5 we deal with the fuzzy quantities evaluation introduced in
[37, 39] presenting a review of their definition of evaluation. Furthermore, we propose a
definition of ambiguity of a fuzzy quantity and provide some results. In Section 6 we propose
a ranking method for fuzzy quantities based on the value-ambiguity pair and discuss some of
its properties. Some numerical examples illustrate our method. Finally, in Section 7 we give
an alternative procedure to compute the value of a fuzzy quantity using fuzzy arithmetic; to
illustrate this method a numerical example is presented.

2 Preliminaries and notation

Let X denote a universe of discourse. A fuzzy set A in X is defined by a membership function
pa : X — [0,1] which assigns to each element of X a grade of membership to the set A.
The support and the core of A are defined, respectively, as the crisp sets supp(A) = {z €
X;pa(x) > 0} and core(A) = {z € X;pua(zr) = 1}. A fuzzy set A is normal if its core is
nonempty. A fuzzy number A is a fuzzy set of the real line R with a normal, convex and
upper-semicontinuous membership function of bounded support. From the definition given
above there exist four numbers a1, as, ag, aqs € R, with a; < as < a3 < a4, and two functions



fa,94 @ R — [0,1] called the left side and the right side of A, respectively, where f4 is
nondecreasing and g4 is nonincreasing, such that

0 T < ay
fa(z) a1 <z <as

palz)=<¢ 1 az < x < as
ga(z) az < x < ay
0 ag < .

The a-cut of A, 0 < o < 1, is defined as the crisp set A, = {x € X;ua(x) > a}. Accord-
ing to the definition of a fuzzy number every a-cut of a fuzzy number is a closed interval
Ay = [ap(@),ar(a)] where ar(a) = inf A, and ar(a) = sup A,.

A generalized fuzzy number A = (a1, a2, as,a4;w4) is a fuzzy set of the real line with mem-
bership function

0 T < ay
fa(z) a1 <z <as

pa(r) =< wa az <z < ag
ga(z) a3 < x < ay
0 as < x

where 0 < wy < 1. The difference between a fuzzy number and a generalized fuzzy number
is that the height of a fuzzy number is equal to one, but the height w of a generalized fuzzy
number is between zero and one. We consider generalized fuzzy numbers such that fa is
a continuous and strictly increasing function and g4 is a continuous and strictly decreasing
function. A generalized fuzzy number A = (a1, a2,as3,a4;w4) is said to be a generalized
trapezoidal fuzzy number if its membership function is given by

0 T < aq
r —ap
wA a; <x<as
az —aj
pa(r) =< wy az <z < ag
ajs — X
wA a3 <z < aq
a4 —asg
0 ag < x.

If ag = a3 the trapezoidal fuzzy number reduces to a generalized triangular fuzzy number.
We call fuzzy quantity any non-normal and non-convex fuzzy set, defined as the union of two,
or more, generalized fuzzy numbers [37].

3 Evaluation of normal fuzzy numbers

In this section we recall the concepts of value and ambiguity of a normal fuzzy number A.
The evaluation interval of A with respect to an additive measure S on [0, 1] is [Vi(4; S), V*(A4;9)]
where

1 1
Vi(A;S) = /0 ar(a)dS(a),  VH(AS) = /0 an(a)dS(a).

The decision maker chooses S according to a subjective assignation of weights related to the
importance of each level a. We assume that S is a normalized Stieltjes measure on [0, 1]



defined through the function s, i.e.
S(la,b]) = s(b) — s(a) 0<a<b<1,

where s : [0, 1] — [0, 1] is a strictly increasing and continuous function such that s(0) = 0 and
s(1) =1.

The value of A with respect to the additive measure S on [0, 1] and the parameter A € [0, 1]
is the real number

(4:8) = [ 6r(A)dS(a) = (1= NV(4:8) + AV (4:5),

where
oa([z1, 22]) = (1 — Ny + Axg, z1 < x2,

is an evaluation function. The parameter X is an optimistic/pessimistic degree.
The ambiguity of the normal fuzzy number A is

1 _
Amb(4; ) = / ‘W ds(a).
0
It results VA S V(A S
Amb(A; S) = (4; ); (A4;9) (1)
Hence the ambiguity of A is equal to one-half of the length of the evaluation interval [Vi(A4; S), V*(4; S)].

Remark 3.1. When the Stieltjes measure S is generated by s(a) = o, r > 0, we will denote
the value V) (4;S) by Vy(A4;r) and the ambiguity Amb(A;S) by Amb(A;r), that is

1 1
Va(4;r) = T/o da(An) " Hda, Amb(A;r) = r/o W o tda

The choice of parameter r allows decision maker, according to his preferences, to give more
weight to the high values of a (r > 1) or more weight to the low values of a (r < 1).

4 Evaluation of generalized fuzzy numbers

4.1 Value of generalized fuzzy numbers

Let A be a generalized fuzzy number with height A = wy < 1, and a-cuts A, = [ar (@), ar(a)],
a € [0,wa).

Definition 4.1. We define the lower and upper values of A as

! o (A S) = wAa « «
ViaiS) = o [Can@aste). Vi) = s [ an(a)as).
and the value of A [37, 26]
Bs8) = s [ 00 dS(0) = (1= NV.(458) + AV (458) 2)
s(wa) Jo

with A € [0, 1], When the Stieltjes measure S is generated by s(a) = o, r > 0, we denote the

value of A as wa
Va(A;r) = — dr(Aa) o da .
'lUA 0



Remark 4.2. V,(A;95), V*(A;S) and V) (4;S) belong to the support of A.

Example 4.3. If A = (a1,a2,a3,a4;w4) is a generalized trapezoidal fuzzy number we have
[37]
V)\<A; S) = d\ag + (1 — )\)az + K(S, wA)(/\(a4 — a3) — (1 — )\)(0/2 — al))

1 wa
where K (S,wa4) = S(U)A)ZUA/(; s(a) da. Note that
- F
K(8,wa) = WA= S0,
wA

where E(S,wy) is the preference index [40]

B(S,wa) = - (;A) /0 " wds(a).

In the special case of s(a) = o we have K(S,w4) =1/(r + 1) and thus the value of A is

Mag —az) — (1= N)(az — aq)
r+1

W\(A;7) = Xag + (1 — Nag + (3)

or, equivalently,

Va(Air) = (1= A) |ag + Tl(ag—al)}ﬂ{m—?ﬁl(ar@g)

r

Hence when s(a) = a” the evaluation of a generalized trapezoidal fuzzy number A does not
depend on wy.

Remark 4.4. If A is the generalized fuzzy number defined by pa(x) = wy if z = a and
pa(x) = 0 otherwise then V3 (4;S5) = a.

The following properties hold:

Proposition 4.5. Let A, B be two generalized fuzzy numbers with the same height wa = wp
and let k € R. Then, for \ € [0,1],

| o [EW@As) B0
(i) Valk4; 5) = {kVH(A; S) k<0
(i) VA(A® B; S) = Va(A; S) + Va(B; S)
(iii) VA(A© B;S) = VA(4;8) = Vi_a(B; 5)

where the operations addition of fuzzy numbers and multiplication of a real number by a fuzzy
number are defined by Zadeh’s extension principle [42].



4.2 Ambiguity of generalized fuzzy numbers

We now introduce the definition of ambiguity for a generalized fuzzy number and investigate
some of its properties.

Definition 4.6. We define the ambiguity of a generalized fuzzy number A with respect to .S

as
wA —
Amb(A; §) = / W dS(a).
0
If s(a) =a", r > 0, we denote Amb(A;r) = Amb(A; S), that is
wa _
Amb(A;r) =7 / ar(e) — arla) o da.
0 2
Proposition 4.7. Let A, B be two generalized fuzzy numbers. The following property holds:
if A C B then Amb(A;S) < Amb(B;S).

Proof. Since A C B we have [ar(«),ar(a)] = Ao C By = [br(a),br()] and wy < wp. Then

Amb(A; S) = / " arl) — @)y <

0 2

Y4 bp(a) — br(a) Y bp(a) —br(a) _ ,
< /0 o) P 50 < /0 2l) 2P 50) = Amb(B;S). O

In the next result we extend property (1) to generalized fuzzy numbers.

Proposition 4.8.
V*(4;S) — Vi(4;S)

Amb(A; S) = .

s(wa). (4)

Remark 4.9. If A is a generalized fuzzy number it can easily seen that
(i) (Vx(A4;S) = Vi(A4;9)) s(wa) = 2XAAmb(A; S);
(i) (V*(4;8) = VA(4; S)) s(wa) = 2(1 — ) Amb(4; 5).

In particular, when A = 1/2 and A is a normal fuzzy number, according to [43, p. 207], we
get
Via(A4;8) = Vi(A; S) + Amb(4; S) = V*(A; S) — Amb(4; S) .

Moreover
(VA(A4;8) = Vi-a(4; 9)) s(wa) = 2(2A — 1) Amb(4; S) .

Example 4.10. Let A = (a1, az,a3,a4;w4) be a generalized trapezoidal fuzzy number. For
a € [0, w4], a-cuts of A are

(6% «
Ay = [a1 + (a2 —a1)—, a4 — (aq — as)}
wa wa
and thus
Amb(A; S) = <“4 N Sl R RO ) wA)> s(wa) .
2 2w 4



If s(a) =a", r >0, we have E(S,wa) = war/(r+ 1) and so

ag—a; (ag —as+ag—ay)r ,
Amb(A;r)—( 5~ 2T 1) )wA.

If A= (a1,a9,a3;wy,) is a generalized triangular fuzzy number we obtain

as — ap)w’y

Amb(A;r) = ( 20+ 1)
Proposition 4.11. Let A, B be two generalized fuzzy numbers with the same height wy = wpg
and let k € R. Then
(i) Amb(A & B;S) = Amb(A;S) + Amb(B; 5),
(ii) Amb(kA;S) = |k|Amb(A;S),

where the operations addition and multiplication of a real number by a fuzzy number are defined
by Zadeh’s extension principle.

The following proposition generalizes a result given in [44] concerning the value of normal
fuzzy numbers. We extend this result to value and ambiguity of generalized fuzzy numbers.

Proposition 4.12. Let A® be the generalized fuzzy number with membership function

pas(z) = s(pa(z)) -
Then we have
[Vi(A; S), VF(A4;9)] = [Vi(A4% 1), V(A% 1)]

and
Va(4;S) = V(4% 1), Amb(A; S) = Amb(A%;1).

Proof. First, we observe that

a3 (6), k(0] = AF = {o juac(a) > 1) =
= {w: pa@) > 570} = Aagy = [an (s (1), ar(s™' (1)

Then, by making the substitution ¢ = s(«) and noting that was = s(wa) we get

wa s(wa)
V.(AS) = — / ar(a) dS(a) = —— / ar(s~(t)) dt

s(wa) s(wa)
_ 1/0 a5 (£) dt = VL(A% 1).

W As

In a similar way we obtain V,(A;S) = V*(A%; 1). It follows V)(A4;S) = Vi(A4% 1) and

V(A% 1) — Vi(4% 1)

Amb(A; S) = .

was = Amb(A%;1). O



From the previous result the value and ambiguity of a generalized fuzzy number A with
respect to a measure S are the same of those of A with respect to the Lebesgue measure .Z.
If s(a) = a”, r > 0, we denote A" = A°. Then the value and ambiguity of A with respect
to S are those of A" with respect to the Lebesgue measure, that is Vy(A4;7) = Vi(A"; 1) and
Amb(A;r) = Amb(A"; 1).

Remark 4.13. In [45] the operator of concentration/dilation of a fuzzy set is introduced.
For a fuzzy set A the fuzzy set .#.(A), r > 0, is defined by the membership function

) (@) = (pa(z))".
If r =1 then S (A) = A. If » > 1 the modified fuzzy set is a concentration of A, that is
the reduction in the magnitude of the grade of membership is small for those elements which
have a high grade of membership in A and large for the elements with low membership. If
0 < r < 1 the modified fuzzy set is a dilation of A. The effect of dilation is the opposite of
that of concentration. Concentration by r = 2 is interpreted as the linguistic hedge very and
dilation by r = 0.5 as more or less.
Observe that if the grade of membership of z in A is 1, then the same is true for .#.(A), that
is, pa(z) = 1 implies 4 (4)(z) = 1. In particular (r = 2)

MA(:L‘) =1 = ,U/veryA(‘T) =1. (5)

About this Zadeh wrote: “if the grade of membership of John in the class of old men is 1,
then the same is true of the grade of membership of John in the class of very old men. Is this
in accord with our intuition? This basic question does not appear to have a clear-cut answer
on purely intuitive grounds. It is easy to show, however, that Eq. (5) can be deduced as a
consequence of the following two assumptions:

(a) very distributes over the union (e.g., very (tall or fat) = very tall or very fat) (b) very A
= A if A is non-fuzzy (e.g., very square = square).” [45]

See also [46, p. 488] for more discussion on this point.

Note that if A is a generalized fuzzy number then .#.(A) is also a generalized fuzzy number
and 7. (A) = A".

If A is a subnormal fuzzy number then height A” < height A if r > 1 and height A" >
height A if r < 1 (see Fig. 1). Moreover for a generalized fuzzy number A we have

(i) r— 0" = A" — supp(A);

(ii) 7 = +00 = A" — [ag, as] if A is normal (i.e. wq = 1),
r—4o0 = A" =) if A is subnormal (i.e. wq < 1).

The following properties will be used later.
Proposition 4.14.
(i) (AU B)®* = A°U B*,
(ii)) (AN B)* = AN B*.



\4

\4

(a) A normal, r > 1 (b) A subnormal, r > 1

\ 4

(¢) A normal, r < 1 (d) A subnormal, r < 1

Figure 1: Membership functions of A (continuous line) and A” (dashed line)

Proof. Let us prove (i). Since s(«) is an increasing function we get

tauBys (2) = s(max{pa(z), up(x)}) =
= max{s(ua(z)), s(up(x)) = max{p}(v), pp(2)} = pasups ().

In a similar way we prove (ii). O

5 Evaluation of fuzzy quantities

In this section we deal with the case of fuzzy quantitities, that is the union of two or more
generalized fuzzy numbers, which is not in general a generalized fuzzy number. We intro-
duce the concepts of value and ambiguity of a fuzzy quantity and investigate some of their
properties.

5.1 Value of fuzzy quantities

From now on we denote by supp B the closure of the support of the generalized fuzzy number
B.

Definition 5.1. ([37])
Let B,C be two generalized fuzzy numbers with height wp and w¢, respectively, such that
supp B Nsupp C # (). The value of the fuzzy quantity B U C is the real number

INBUC;S) =01 VA(B;S) + 02 VA(C; ) — 03 VA(BN C; S) (6)
where 0; = 0;(wp, we, wpne) = Yi(s(wp), s(we), s(wpnc)), @ = 1,2, 3, with
Zi
¢i(21,2’2,2’3)—m7 21420 —23#0. (7)

9



Note that o; > 0 and 01 + 09 — 03 = 1.

Remark 5.2. If B, C' are two generalized fuzzy numbers with height wp and we, respectively,
then BN C is a generalized fuzzy number with height wpnc. Thus the previous definition is
well-posed.

Remark 5.3. If A is a generalized fuzzy number, noting that A= AU A = AN A, from (6)
we have 7)(A4;5) = Vi(A4;S) and thus, in the following, we denote the value of A by 73 (4;.5).

Proposition 5.4. The following properties hold:
(i) Y3(BUC,;S) belongs to the support of BU C;

(ii) if A is a fuzzy quantity and B,C,D,E are generalized fuzzy numbers such that A =
BUC =DUFEFE then

I\(A;8) = \(BUC;S) =/ (DUE;S).

Let A = BUC be a fuzzy quantity. Two different cases may occur: (i) A = BU C has
convex a-cuts, hence it is a fuzzy number; (ii) A = B U C has non-convex a-cuts, hence it is
a fuzzy quantity. In the case (ii) there exists a decomposition of the support of A in such a
way that on each subinterval a-cuts of A be convex, that is, we can write A = Ay U Ay where
A; and Ay are generalized fuzzy numbers such that supp A; = (a1,Z| and A; has convex
a-cuts [a(Ll)(oz),ag)(a)], supp Ay = [T,a4) and Ay has convex a-cuts [a(L2) (a),ag) (a)], where
a1 = min{by, c1 } and aqg = max{by,cs}. The heights of A; and A are, respectively, wq, = wp
and w4, = we if by < ¢2 or wa, = we and wa, = wp if ¢ < by [37]. The hypographs of
the membership functions pa, and g4, are not disjoint since their intersection is the vertical
segment 1" between points P} = (z,0) and P» = (T, wp) where wy = wpnc:.

Then if A = BUC is a fuzzy quantity there exist Aj, As generalized fuzzy numbers such
that

A=A1UA, and AiNA =T (8)

where T is a generalized fuzzy number defined by pr(x) = wyp if x = T and pp(x) = 0
otherwise. If we compute the value of the fuzzy quantity A = BUC' by using the decomposition
(8) we obtain

VA(A;8) = PA(A1 U Ag; S) = B Va(A1; S) + B2 Va(Ag; S) — B3 IA(T; )

where 8; = ¥i(s(wa, ), s(wa,), s(ww,)), @ = 1,2,3, and 1); is defined by (7). Note that, by
Remark 4.4, #\(T; S) = 7.

It is convenient to introduce the notion of lower and upper values of a fuzzy quantity.
Definition 5.5. We define the lower and upper values, respectively, as
V(BUC;S) =01 Vi(B;S) + 02 Vi(C; ) — 03 V(BN C; S) (9)
Y*(BUC;S)=01V*(B;S)+ 02 V*(C;S) — o3V (BNC;S) (10)
Proposition 5.6. We have
INBUC;S)=(1-N%(BUC;S)+ \¥*(BUC;S), Ae0,1].

10
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Figure 2: Fuzzy quantity A = BUC

Proof. From (2) we get

Y4 (B; S) = (1 = MVi(B; S) + A\V*(B; S),
IA(C;8) = (1= NVu(C; 8) + AVH(C; 9),
W (BNC;S) = (1 - NVi(BNC;8) + AV (BNC;S).

Substituting into the equation
W(BUC;S) =01 Y5(B; S) + 02 IA(C; ) — 03 IA(B N C; 5)

and taking into account (9) and (10) we obtain the assertion.

5.2 Ambiguity of fuzzy quantities
We now extend the notion of ambiguity to the case of fuzzy quantities.
Definition 5.7. We call ambiguity of the fuzzy quantity A the real number

Aﬂma:;Ammm@wm)

where wy is the height of A and m(-) is the Lebesgue measure on the real line.

(11)

Remark 5.8. If A is a generalized fuzzy number we have A, = [ar (), ar()] for a € [0, w4]
and then Amb(A;S) = &7 (A;S). So, from now on we denote by <7 (A;S) the ambiguity of A.

Proposition 5.9. The ambiguity of the fuzzy quantity A = BUC is

o (BUC;S)=4d(B;S)+(C;S)— A (BNC;S).

(12)

Proof. Taking into account that (B U (), = B, U C, we obtain m(Ay) = m(By U Cy) =
m(Bqy) + m(Cy) — m(B, N C,) and the claim follows from (11) by using the linearity of the

Riemann-Stieltjes integral.

Proposition 5.10. Let A and B be two fuzzy quantities. Then

ACB = J(A;5) <H(B;S5).

11

O



Proof. Since A C B we have A, C B, and wq < wp. Then m(4,) < m(B,) and

/0 m(Ay) dS(a) < /O m(By) dS(a) < /O m(By) dS(a) = (B; 5)

from which it follows that </ (A;S) < &7 (B; S).
The next result extends property (4) to fuzzy quantities.

Proposition 5.11.

Y*(BUC;S) — ¥%(BUC;S)

4 (BUC;S) = 5

h(wBa we, WBNC's S)

where
hMwp,we, wpne; S) = s(wp) + s(we) — s(wpne) -

Proof. From (12), by using (4), we have

A(BUC;S) = Amb(B;S)+ Amb(C;S) — Amb(BN C;S)

V*(B;S) 2— Vi(B; S) s(ws) + V*(C;9) 2— Vi(C; S) s(we)

V*(BNC;S)—-V.(BndC;S
VUBNGS) “VBNGS)

and then, applying (9) and (10),

1
= 3 (o1 V*(B;S) 4+ 02 V*(C;S) — o3V (BNC;S)) +

+ (01 Vi(B;S) + 02 Vi (C; S) — o3 V(BN C; 9)) | (s(wg) + s(we) — s(wpne))

V*(BUC:S) — %(BUC:S
— ( )2 ( )h(U)B,wC,'LUBﬂC;S)-

Note the from previous result the ambiguity of a fuzzy quantity A = B U C is equal
to the area of a triangle with base the interval [#. (B U C;S),?*(B U C;S)] and height

h(UJB, we, WBNC's S)

We now prove that the value and ambiguity of a fuzzy quantity A = B U C with respect
to a measure S are the same of those of the fuzzy quantity .#,.(4) = (BUC)" = B"UC" with

respect to the Lebesgue measure.

Proposition 5.12. We have
(i) TA(BUC;r) = 4(B" UCT31) = A(BUCY: 1);
(i) H(BUC;r)=a\(B"UC";1) = ((BUC)";1).

12



Proof. Since (by Proposition 4.14) (BN C)" = B" N C" we have wgr = (wp)", wer = (we)”,
wprner = W(pnc)yr = (Wpne)" and thus, by defining v; = ¥;(wpr, wer, wpraer) fori = 1,2,3,
we get
Y = Yi(wpr,wer,wprner) = Yi((wp)", (we)", (wene)")
= wi(s(wB)’ S(wc)) S(wBﬂC)> = 0j.
From Proposition 4.12, noting that (BUC)" = B"UC", we get

N(BUO):1) = Y(B"UC])

Y1 VA(B"5 1) + 92 A(CT5 1) — 3 YA(B N CT5 1)
o1 VA(B;ir) + o2 YA(Cir) — o3 IA((BNCO)"51)
o1 A(B;1) + 02 WA(C;1) — a3 PA(BN Csr)

= N(BUCr)

and thus (i) is proved. In a similar way we obtain (ii). O

In the following we compute value and ambiguity of a particular class of fuzzy quantities.
Example 5.13. Let us consider the fuzzy quantity
A = (a1, a2, a3, a4, as, ag, az; w1, w2, W3)

defined by the membership function

( w1

(x —ay) a1 <z < as
as — aq
w1 as < x < ag
w; — W
2 (as—2)twy ey <w<ay
a4 — ag
_ w3 — W
pa(r) = 3 2r—a)+ws as<7z<as (13)
a5 — a4
ws as; < x < ag
w3
(a7 — ) ag <z < ay
a7 — Qg
otherwise

with wy < min{wi,ws}. The fuzzy quantity A is shown in Fig. 3.

Proposition 5.14. If A = (a1, ag, a3, aq, as, ag, az; w1, wa, w3) is the fuzzy quantity defined by
(13) then the value and ambiguity of A are given by, respectively,

A r) = (1=XNY(A;r) + AV (A;r)
o (A;r) = r (A;r);”f/*(A;r) h(wy,ws, wa;T)

where h(wy, w3, we;r) = W] + wh — wh,
r
r+1
. r
VH(Ar) = m a4_r

T
r+1g

Vi(Asr) = m [al + (ag — a1)} — Y204 + 73 [64 + (w35 w2,7)(as — a4)}

r
r+1

(a7 — aﬁ)}

n 19(w1; wa, ) (ag — a3)] — Yoa4 + 3 [a7 —

13



Figure 3: Fuzzy quantity A = (a1, a2, as, a4, as, ag, a7; wy, we, w3)

with

w2 wa2\"
g(w,’lUQ,T‘):l*m[].*(;)} y w = w1, W3
w’

d~; = g Ji=1,2,3.
ane h(w17w37w2;r) !

Proof. We can write A = B U C where B and C are generalized fuzzy numbers defined,
respectively, by

rawila(x—al) a1 <z <as
() = w21 1 az < < ag
S %(azl—x)-l-lm a3 < v < ay

L 0 otherwise

and

%(m—@)—i—wg as <z <as
)= J ws a5 < x < ag
uole) ﬁ((w—x) ag <z < ay
otherwise .

\

By observing that B, = [br(a),br(e)], 0 < o < wy, where

as —a
bL(a) = a1+ 2 ! 0<a<w,
w1
ay 0<a<ws
br(a) = —
r(@) a4fa4 a3(a7w2) wy < a < wp
w1 — W

14



and Cy, = [cr(a), cr(@)], 0 < o < wsg, where

ay 0<a<ws
cr(a) = —
L(a) a4+M(a—w2) wo < a < ws,
w3 — w2
ar —a
crla) = ar— 7w36 0<a<ws

from Definition 4.1 it follows by simple calculation that

A = A=A [+ e = o] +3 o= gt (e - o)

r+1 r+1
HNCr) = (1-2X) [a4 + H%g(wg; wa, ) (as — a4)} + A {cw = _7; 1 (a7 — ag)]
with
+1 1
st = 2 1= () R Do ()] e
w — Wy w r(w — w2) w
The last expression can be rewritten as
g(w;w2,7’)=1—L[l—(%>r} , W= wi,ws.
r(w — we) w

Moreover, noting that B N C is the generalized fuzzy number defined by pupnc(z) = wy if
x = aq and ppnco(z) = 0 otherwise, the value of BNC'is #A\(BNC;r) = a4. From (6), taking
into account that o1 = 71, o9 = v3 and 03 = 9 since wp = wy, wo = ws and wpno = W2, We
easily get the assertion. O

Remark 5.15. If » = 1 we obtain for the fuzzy quantity defined by (13)

V(A1) = % [(a1 + a2)wi + (ag + a5) (w3 — wa)]
7/*(14; 1) = % [(a3 + a4)(w1 — ’w2) + (CLG + a7)w3]

where h = h(wy,ws,w2;1) = wi + w3 — wa, and then, by denoting ¥3(A4) = ¥4A(4;1) and
o/ (A) = o/ (A;1), the value of A is

TA(A) = (1= N7(A 1) + A7 (4:1)

and the ambiguity
1
A (A) = 1 (a3 + as — a1 — ag)w1 + (a5 — az)wz + (ag + a7 — as — as)ws] .

A simple calculation gives the following properties

VA (A) VA (A)
awl 811)3

(i)

<0, > 0,

15



YA(A)

Owsy

(i) >0 iff

Mag + a7 — az — ag)wz > (1 — N)(ag + a5 — a1 — az)wr (14)

(iii) 8“‘;:4) >0,i=1,23.

Hence the evaluation of A is decreasing with respect to w; and increasing with respect to ws.
Morover, it is increasing with respect to ws if condition (14) is satisfied. Observe that if in
(14) equality holds then the evaluation is independent of ws.

Let \ be such that in (14) equality holds. The effect of the parameter A on the monotonicity
of the value is that when A < X (pessimist decision maker) then evaluation is decreasing with
respect to wo, whereas in the case of A > X\ (optimist decision maker) it is increasing with
respect to wo.

Also, the ambiguity is increasing with respect to wy, wa, ws.

Example 5.16. As an application, we consider an example proposed in [26]. Let A be the
fuzzy quantity shown in Fig. 4. In [26] the authors give an evaluation of A equal to 5.15 by
using the area compensation method. In [37], by decomposing the fuzzy quantity A into the
union of two generalized fuzzy numbers B and C, the value of A is calculated by applying

(6)-

We observe that A is a fuzzy quantity of the type (13), that is
A=(1,3,3,4,6,7,9;0.6,0.4,0.8)

and then we can compute the value and the ambiguity of A by using Proposition 5.14. For
A =0.5and r = 1 we obtain ¥ (A) = 5.15 and </ (A) = 1.95.

0.8
0.6

0.4

\4

Figure 4: Fuzzy quantity

6 Ranking of fuzzy quantities

We propose a lexicographic ranking procedure based on the value-ambiguity pair. We use the
ambiguity as the degree of ordering in the case that the values of the two fuzzy quantities are

16



equal. Ambiguity is a measure of the vagueness, that is the lack of precision in determining the
exact value of a magnitude. A crisp number has zero ambiguity. Therefore a fuzzy quantity
is smaller as its ambiguity is greater.

Let us denote by 7 (A) and o7 (A), respectively, the value and ambiguity of A with respect to
a parameter A\ and a measure S (fixed).

Our ranking method can be summarized into the following steps:

1. For two fuzzy quantities A and B, compare ¥ (A) and ¥ (B) and rank A and B according
to the relative position of #(A) and ¥(B), i.e.
if ¥(A) > ¥(B) then A > B;
if ¥ (A) < ¥(B) then A < B;
if ¥(A) =¥ (B) then go to the next step.

2. Compare o/ (A) and </ (B):

if @(A) < o/(B) then A > B,
it @/(A) > o/ (B) then A < B,
if @/(A) = o/ (B) then A ~ B, that is A and B are indifferent.

In [47] the authors proposed the following axioms as reasonable properties for the rationality
of a ranking method Z# for the ordering of fuzzy quantities belong to a set .%:

Al. For any arbitrary finite subset &/ of % and A € &/, A < A on &.

A2. For any arbitrary finite subset </ of . and (A4, B) € @/?>, A= B and B = A on &/, we
should have A ~ B on &/.

A3. For any arbitrary finite subset .7 of .# and (A, B,C) € /3, A= Band B = C on &,
we should have A = C on .

A4. For any arbitrary finite subset 7 of . and (A, B) € @72, inf supp(A) > sup supp(B),
we should have A = B on 7.

A5. Let . and .’ be two arbitrary finite sets of fuzzy quantities in which % can be applied
and A and B are in . N.¥’. We obtain the ranking order A = B on .’ iff A = B on
.

A6. Let A,B,A® C,B & C be elements of .. If A > B on {A,B} then A®@C = B®C on
{AeC,Ba C}.

The proposed ranking method satisfies properties A1 — As but it does not satisfy property A6
as shown in the following example.

Example 6.1. Let us consider three generalized triangular fuzzy numbers A = (2,3,4;0.5),
B =(1,2,4;1) and C = (5,14, 15;1).

To calculate A @ C and B ® C, where the operator @ is the sum of fuzzy numbers defined
through Zadeh’s extension principle [41, 42] we apply the following result of [48]: the sum of
two generalized trapezoidal fuzzy numbers A = (a1, as, a3, aq;w4) and C = (c1, 2, €3, C4;WC)
is the generalized trapezoidal fuzzy number D = A ® C = (d;,ds2, d3,ds; wp) given by

wp = min{wa, wc}

di =a1+c1

dy =ay +c¢1 + (a2 — ar)wp/wa + (c2 — c1)wp/we
dz = a4 + ¢4 — (as — az)wp/wa — (c4 — c3)wp/we
dy = a4 +cy.

17



So we get A®C = (7,12.5,17.5,19;0.5) (generalized trapezoidal fuzzy number) and B® C =
(6,16,19;1) (generalized triangular fuzzy number).

For s(a) = aand A = 0.5 we obtain (by using (3)) ¥ (A) = 3 > 2.25 = #(B) and thus A > B,
but A®C < B@® C since ¥(A® C) =14 < 14.25 = ¥(B @ C).

As an application, we use eight sets of fuzzy quantities to illustrate the working of the
proposed ranking method. The eight sets of fuzzy quantities are shown in Fig. 5. We assume
an optimism/pessimism coefficient A\ equal to 0.5.

The results of ranking are shown in Table 1 and Table 2 for s(a) = a and s(a) = o?,
respectively.
Note that the fuzzy quantities shown in Set 7 and in Set 8 are of the type (13).

Table 1: Results of ranking for A = 0.5 and r =1

A B
Sets | Value Ambiguity | Value Ambiguity | Results
Set 1 6.00 1.20 | 6.00 090 | B> A
Set 2 6.00 1.20 | 6.00 1.50 | A>B
Set 3 6.00 1.35 | 6.00 0.00| B+ A
Set 4 6.00 1.35 | 3.00 0.00| A~ B
Set 5 3.00 1.00 | 4.00 200 B~ A
Set 6 4.00 250 | 6.50 200 B~ A
Set 7| 6.25 2.63 | 6.10 213 | A~ B
Set 8 6.39 3.55 | 6.32 265 | A-B

Table 2: Results of ranking for A = 0.5 and r = 2

A B
Sets | Value Ambiguity | Value Ambiguity | Results
Set 1 6.00 0.64 | 6.00 036 | B~ A
Set 2 6.00 0.64 | 6.00 060 | B> A
Set 3 6.00 0.81 6.00 0.00| B~ A
Set 4 6.00 0.81 3.00 0.00| A>B
Set 5 3.00 0.67 | 3.67 133 | B> A
Set 6 3.83 217 | 6.83 1.50 | B> A
Set 7| 6.44 1.50 | 6.29 1.16 | A> B
Set 8 6.67 2.81 6.51 1.71| A-B
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(1,2,3,6,8,10,11;0.6,0.4,0.7) (1,2,4,6,8,10,11;0.8,0.4, 1)
B= B =
(1,2,3,6,8,10,11;0.6,0,0.7) 19 (1,4,4,6,8,8,11;0.8,0.4,1)

Figure 5: Sets of fuzzy quantities



7 Normalization

In this section we propose an alternative procedure to compute the value of a fuzzy quantity
using fuzzy arithmetic. We illustrate an application of this method in Example 7.5.

Proposition 7.1. Let A be a generalized fuzzy number with 0 < wa < 1 and let A be the
normal fuzzy number defined by the membership function

(o) = 122

Then we have
(i) Vi(A;r) = Vi(Asr), VF(Air) = VF(Air), Ya(Asr) = Ya(A;r);
(i) o (A;r) = w'yod (A;r).

Proof. First we observe that for ¢ € [0, 1]
gt = {[l} S X,MA“(.Z‘) > t} = {[I} S X7MA(,1') > U)At} — AwAt

and so we have ar(t) = inf A, = inf Ay, ,+ = ar(wat). Then, by using the substitution
a=wygt, we get

T wA 1

Vi(Asr) = — aL(a)arflda:Lr ar(wat)w " wy dt
wA 0 ’UJA 0

1 ~
= r/ ap ()t dt = Vi (A;r).
0

In a similar way we obtain the remaining assertions. O
Remark 7.2. Note that previous result does not hold for a general S.
Corollary 7.3. We have
(i) Vi(A: ) = Vi( A% 1), V(4 8) = V*(4%1), JA(A:8) = ¥4(4%1),
(ii) o (A;8) = s(wa)ef (A1),
where AS is defined by

() s(ua)
Ha ) = S T s(wa)

Proof. (i) From Proposition 4.12 we have #)(A4;S) = ¥A(A®;1). Moreover, by applying pre-
vious proposition to generalized fuzzy number A® with r = 1 we get #3(A®%;1) = “//)\(;15, 1).

(ii) From Proposition 4.12 we have &7 (A;S) = o/ (A®;1). Again, by applying previous propo-
sition (with r = 1) to A® we get /(A% 1) = wAssz/(Zg; 1) = s(wA)szf(Zg; 1). O
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Proposition 7.4. If X is the normal fuzzy number defined as

X=0B®0,Coo3BNC (15)

then
Npp(BUC;T) =V 2(X57).

Proof. From (6) and Proposition 7.1 we get

Vpp(BUCT) = 01 72(B;ir) + 02 712(Ci1) — 031 2(BNCsr)

71 %/Q(E?T) + 02 %/2(51; r) — o3 V1 2(BNC;T)
= 7/1/2(X;7“)

where the last equality follows from Proposition 4.5 noting that for A = 1/2 we have 7/ /5(kA; S) =
k71 /2(A; S) for any real number k. O

Example 7.5. As an application of this result, let us consider again the fuzzy quantity
A of Example 5.16. The fuzzy quantity A can be viewed as the union of two generalized
fuzzy numbers B and C, i.e. A = BUC, where B = (1,3,6;0.6) is triangular and C =
(2,6,7,9;0.8) is trapezoidal. Their intersection is the triangular generalized fuzzy number
BNC = (2,4,6;0.4).

We now compute the value of A by using fuzzy arithmetic. First we calculate the normal
trapezoidal fuzzy number X = (z1, 2, x3,24;1) defined in (15):

21 = (0.6)-1+(0.8)-2—(0.4)-6=—1/5
29 = (0.6)-3+(0.8)-6—(0.4)-4=5
z3 = (0.6)-3+(0.8)-7—(0.4)-4=129/5
24 = (0.6)-6+(0.8)-9—(0.4)-2=10

and thus X = (—1/5,5,29/5,10;1). Then, by applying Proposition 7.4 and using (3) we
obtain for A=0.5and r =1
103

V(A) =7 (BUC) =¥ (X) = 5 = 5.15.

8 Concluding Remarks

In this article we studied the problem of evaluating and ranking fuzzy quantities, where a
fuzzy quantity is any non-normal and non-convex fuzzy set, defined as the union of two, or
more, generalized fuzzy numbers. To this aim we introduced a definition of ambiguity of non-
normal and non-convex fuzzy membership functions. Relations between value and ambiguity
were also investigated.

In our view, this framework can be also employed to other types of fuzzy sets characterized
by complex shaped membership functions. For instance, our procedure can be used for the
evaluation and ranking of non convex and non normal intuitionistic fuzzy sets. This will be
a topic of our future research work.
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